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In 2014, Davvaz introduced the concept of bi-hyperstructures, but their application
specifically in chemical reactions, has yet to be thoroughly explored in previous
studies. Thus, the primary aim of this paper is to examine and analyze the different
types of bi-hyperstructures present within chemical hyperstructures. The scope of

gﬁ ﬁv;::fsst.ructures; this study focuses on two types of chemical hyperstructures: redox reactions and
Chemical Reactions; reactions in electrochemical cells. Within these chemical hyperstructures, we
Hyperstructures; investigate the possibility of bi-hyperstructures among bi-semihypergroups, bi-
Hypergroups. hypergroups, bi-H,-semigroups, and bi-H,-groups. Next, some properties of bi-

hyperstructures related to hyperstructures are also investigate.

=1EAJTAN

d ; Crossref M

https://doi.org/10.31764 /jtam.v8i1.17011 This is an open access article under the CC-BY-SA license

2

A. INTRODUCTION

Hyperstructures are generalizations of algebraic structures. Marty initially introduced the
concept in 1934 (Marty, 1934). Later, Vougiouklis (1994) furthered generalized
hyperstructures into structures known as H, -Structures. Prominent researchers in
hyperstructures, including Corsini, Davvaz, Leoreanu-Fotea, Vougiouklis, and Cristea have
authored books to facilitate research in this field (Corsini and Leoreanu-Fotea, 2003; Davvaz &
Cristea, 2015; Davvaz, 2016; Davvaz and Vougiouklis, 2019; Davvaz and Leoreanu-Fotea, 2022).
Moreover, hyperstructures have numerous applications in various mathematical fields, such as
geometry, cryptography, and coding theory (Corsini and Leoreanu-Fotea, 2003).

In addition to mathematics, hyperstructures have applications in scientific disciplines like
physics, biology, and chemistry. In physics, hyperstructures are utilized for analyzing different
types of hyperstructures in physical particles, particularly leptons (Nezhad et al.,, 2012). In
biology, hyperstructures are employed to study hyperstructures related to inheritance Davvaz
et al. (2013); Al Tahan & Davvaz (2017), where fuzzy sets and intuitionistic fuzzy sets play a
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significant role (Al-Tahan and Davvaz, 2019; Al-Tahan & Davvaz, 2019a; Leoreanu-Fotea et al,,
2023). Furthermore, hyperstructures are used in chemistry to analyze types of hyperstructures
in chemical reactions. Research on hyperstructures in chemical reactions initiated by Davvaz
and Dehghan-Nezhad in 2003 (Davvaz and Dehghan-Nezhad, 2013). Studies related to
hyperstructures in chemical reactions encompass dismutation reactions (Davvaz et al., 2012),
redox reactions (Davvaz, Dehghan Nezhad, et al., 2014), redox reactions with three oxidation
numbers (S. C. Chung et al., 2014), four oxidation numbers (Al-]Jinani et al., 2019; Al-Tahan and
Davvaz, 2022), and examples of redox reactions with five oxidation states (Agusfrianto et al.,
n.d.). Additionally, hyperstructure types have been analyzed concerning reactions in
electrochemical cells (M. A. Al-Tahan & Davvaz, 2018), ozone depletion reactions (Chung, 2019),
ozone depletion reactions in the stratosphere (Chung and Chun, 2020), and salt formation
reactions (Heidari et al., 2019).

Furthermore, in 2014, Davvaz introduced the concept of bi-hyperstructures (Davvaz et al.,
2014). Since research has yet to be conducted on bi-hyperstructures in chemical
hyperstructures, this paper aims to analyze the different types of bi-hyperstructures present in
chemical hyperstructures. This study focuses on chemical hyperstructures within redox
reactions with three and four oxidation states. Furthermore, from the results of bi-
hyperstructures in redox reactions with three and four oxidation states, theorems regarding
the relationship between bi-hyperstructures and hyperstructures that have not been studied in
previous studies are also obtained.

B. METHODS

The following theories are sourced from Davvaz et al. (2014), Davvaz and Vougiouklis
(2019), (Leoreanu-Fotea, 2022). Let & be a nonempty set and define a mapping ©:8 x £ -
P()\{?} where P(L) represent all subsets of £. Then, the mapping " © " is referred to as a
hyperoperation on £ and the mathematical system (8,8) is called a hypergroupoid. If " & " is
associative, i.e, for every [m,n€ 2, [ (mBEn) = (16 m)Sn, then (£6) is called a
semihypergroup. If (£,©) satisfies reproduction axiom, which states that for everyu € £, u ©
2=26u=2g, then (£,6) is called a hypergroup. Furthermore, a hyperoperation " & " is
considered weakly associative if forevery [m,n e £ 1o (mOn) N (6 mM) &S n+ 0. (L,0)is
called a H,-semigroup if it is weakly associative and a H,-semigroup (£,8) is called a H,,-group
if it satisfies the reproduction axiom.

On the other hand, let £ be a semihypergroup (hypergroup, H,-semigroup, or H,-group),
with" © "and " © " representing hyperoperations on £. Then, £ is called bi-semihypergroup
(hypergroup, H,-semigroup, or H,-group) if there exist proper subsets It and 9 of L satisfying
the following condition: (1) £ =M U N, (2) (M,B) is a semihypergroup (hypergroup, H,-
semigroup, or H,-group), and (3) (f,O) is a semihypergroup (hypergroup, H,-semigroup, or
H,-group). Next, the research methods that used in this study is literature studies. The research
process in this paper is given as follows.

1. Take a chemical reaction that wants to analyze the type of bi-hyperstructures. These are

chemical reactions with three and four oxidation states.

2. Define a hyperoperation table whose elements are the reactants and products of the

chemical reaction.
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3. Analyze the different types of bi-hyperstructures.

4. Based on the bi-hyperstructures analysis results obtained, connect the concept of bi-
hyperstructures to hyperstructures. Write the result in the form of a theorem. For a
more concise process, consider the research process diagram in Figure 1.

1 4
Take data of chemical reactions with three and four Based on the resulls obtained in step 3, analyze the
oxidation states. link between bi-hyperstructures and hyperstructures.
Write down the result in the form of a theorem.

A

v

2

3

\d

Build the hyperoperation table. Analyze its bi-hyperstructures fype.

Figure 1. Research Process Diagram

C. RESULTSAND DISCUSSION
In this section, we present the research results pertaining to the analysis of bi-
hyperstructures in redox reactions with three and four oxidation states.
1. Bi-Hyperstructures in Chemical Redox Reactions
a. Bi-Hyperstructures in Chemical Redox Reactions with Three Oxidation States. If B, Q,
and ‘R are elements, then we have following Latimer diagram.

P-org Qop R

where a and £ are represent the potential in volts. Furthermore, if p, g, r are oxidation
states of B,Q, and R respectively, then we have the relation p > g > r. Now, let Z =
{8, Q, R} and define a hyperoperation " [-] " as the product of the reaction that occurs
between two elements in Z. Based on Chun, et al,, (2014), there are two conditions.

First Condition: If « > [, then we have the following Table 1 (Chun, et al., 2014).

Table 1. (Z,[2])

L] B Q R
B {B, Q} Q
Q {B, Q} Q {Q, R}
R Q {Q, R} R

Accordingly, we have the following Theorem 3.1.1 related to type of bi-hyperstructure
of mathematical system (Z,[-]).

Theorem 3.1.1 (Z,[-]) is a bi-hypegroup.
Proof. Since Z ={B, QU {Q R}, ({B, QL) and ({Q R}L[1) are hypergroups,
therefore (Z,[-]) is a bi-hypergroup.
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Second Condition: If f > «, then we have the following Table 2 (Chun, et al., 2014).

Table 2. (Z,[:])

[ B Q R
B B {8, R} {*8, R}
Q {8, R} {8, R} {*8, %}
R {8, %} {8, R} R

Then, based on Table 2, the following Remark 3.1.2 is obtained.

Remark 3.1.2 (Z,[:]) does not form a bi-hyperstructure. Only ({$,%R},[-]) forms a
hyperstructure, which is hypergroup. However, ({8, Q},[-]) and ({Q, R},[:]) does not
form bi-hyperstructures. Now, let’s consider the following example.

Example 3.1.3 Based on Douglas et al. (1992), the Latimer diagram of Niobium (Nb)
and Silicon (Si) are given as follows:

Nb,05 —_g4 Nb** —>_; 1 Nb
§i05™ > _169 Si >_03 SiH,

Let Z = {Nb,05,Nb3*,Nb} and Z = {Si03~,Si,SiH,} and define the hyperoperation
"H "and " H " as the product of reactions that occur between two elements in Z and Z
respectively. Then, (Z,H) forms a bi-hypergroup and (Z,H) does not form a bi-
hyperstructures.

. Bi-Hyperstructures in Chemical Redox Reactions with Four Oxidation States. If B, Q, and
‘R are elements, then we have following Latimer diagram.

‘B—QZD—)[;ER—)),Q

where @, 5, and y are the potential in volts. Furthermore, if p, g, 7, s are oxidation states
of B,Q,R and S respectively, we have the relation p > g >r >s. Now, let W =
{$B, Q, R, S} and define a hyperoperation "lJ" as product of reaction that occurs between
two elements in W. Based on Jinani, et al., (2019) and Al-Tahan and Davvaz, (2022), we
have all following conditions.

First Condition: If « > 8 > y, then we have the following Table 3 (Al-Tahan and Davvaz,
2022).

Table 3. (W, ) fora > >y

¥ B Q R S
B B {8, 9} Q {Q R}
Q (B, 9} Q (Q R} R
R Q Q%) R (R, S}
S (QR) R (R, S} S
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Then, we the have following Theorem 3.1.4 related to type of bi-hyperstructure of the
mathematical system (W, lJ)) whena > £ > y.

Theorem 3.1.4 (W, ) is a bi-H,,-semigroup.

Proof. Since W ={$,QRIV{Q RS}, ({B,QYR}LW) is a H, -semigroup, and
({Q R, S}, ) is a H,-semigroup, then (W, 1) is a bi-H,-semigroup.

Corollary 3.1.5 ({3, Q,R},¥) and ({Q, R, S}, W) are bi-hypergroups.

Second Condition: If « > = y, then we have the following Table 4 (Al-Jinani, et al,

2019).
Table 4. (W,J) fora > =y
¥ B Q R S
B B {8, 9} {B, R} {Q, R}
Q {8, Q} Q {Q,R} R
R {*B, R} {Q, R} R {R, S}
S {Q R} R {R,S) S

Then, we the have following Theorem 3.1.6 related to type of bi-hyperstructure of the
mathematical system (W, J) whena > f =y.

Theorem 3.1.6 (W, l¥)) is a bi-hypergroup. Proof. It follows from Theorem 3.1.1
Corollary 3.1.7 ({3, Q, R}, W) and ({Q, R, S}, W) are bi-hypergroups.
Third Condition: If « = y > f3, then we have following Table 5 (Al-]Jinani, et al., 2019).

Table 5. (W, ) fora >y >

N B Q R S
B B {B, R} {B, R} R
Q {B, R} {B, R} {B, R} R
R {B, R} {B, R} R RS}
S R R (R, G} S

Then, we the have following Remark 3.1.8 related to type of bi-hyperstructure of the
mathematical system (W, ) whena >y > S.

Remark 3.1.8 (W, J) does not form a bi-hyperstructure.

Remark 3.1.9 ({$,Q R}LE), ({(B,QSLY), and ({Q,R S}, ) do not form bi-
hyperstructures.

Now, let’s consider the following example.



Agusfrianto, Bi-Hyperstructures in Chemical Hyperstructures... 55

Example 3.1.10 Based on Douglas et al. (1992), the Latimer diagram of silver (Ag),
Iridium (Ir), and Uranium (U) are given as follows.

Ag203 =074 AGO —6 Ag20 —034 Ag
Ir0F~ =04 Ir0; =g I1,05 =44 I
U0,(OH), »_03 U0y »_6 U(OH)3 »_51 U

Let T ={Ag,05,A90,Ag,0,Ag}, T, ={Ir0% ,Ir0,,11,05,Ir} and I; =
{U0,(OH),,U0,,U(OH)5, U}. Next, define hyperoperations " [-]; ", " [[], ", and " [:]3 " as
the product of the most positive spontaneous reactions that occur in I}, T5, and I3
respectively. Thus, (I3,[];) forms a bi-H,,-semigroup, (I';,[-],) forms a bi-hypergroup,
and (I'3,[:]3) does not form a hyperstructure.

2. Some Relations Between Hyperstructures and Bi-Hyperstructures
Based on the results obtained in Section 1, the following properties hold. First, we have
properties about relation between bi-hyperstructures and hyperstructures.

Theorem 3.2.1 Let (£,6) be a commutative hypergroupoid and let 9t and 9t be proper
subsets of £ with the same hyperoperation as &. If (£,8) is a bi-semihypergroup (hypergroup,
bi-H,,-semigroup, or bi-H,,-group), then (£,6) is a commutative semihypergroup (hypergroup,
H,-semigroup, or H,-group).

Proof. If (,6) is a commutative bi-hypergroup, then £ = 9t U N, and both (M,E) and (91,O)
is are commutative hypergroups. Since both (t,68) and (9t,8) are hypergroups, it follows that
(2,©) is a hypergroup since 9t and Jt are subsets of £, i.e., associativity and reproduction
axiom also prevailing in £. The proof for other conditions is similar.

Remark 3.2.2 The converse of Theorem 3.2.1 is not necessarily true. For instance, based on
Table 5, (W, lJ) is a H,,-semigroup, but does not form a bi-hyperstructure.

Furthermore, we have the following Theorem 3.2.3 about type of bi-hyperstructure when the
hyperstructure is isomorphic.

Theorem 3.2.3 Let (£,,8;) and (£,,8,) be commutative semihypergroups (hypergroups, H,,-
semigroups, or H,-groups). If (£,,8;) = (2,,8,), then (£,,8,) have same bi-hyperstructures
with (£,,0,).

Proof. The proof of this theorem is obvious.

Remark 3.2.4 The converse of Theorem 3.2.3 is not necessarily true. Let £; = {p;,q1,v,} and
2, = {py, q,,1,}. Define hyperoperations " ©; "and " ©, " as shown in Table 6 and Table 7.
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Table 6. (£,,85;)

©1 P1 a1 151
P P1 P, a1} {p1, 11}
q1 {p1, a1} q1 {91,141}
51 P11} {a1, 11} 51

Table 7. (22,92)

=P P1 q rq
P1 P1 {p1,a1} H
q1 {p1, a1} a1 {91,114}
Y H {91,141} Y

Based on Table 6 and Table 7, (£,,6,) and (£,,6,) are commutative hypergroups and
they have the same bi-hyperstructures, that is bi-hypergroups. However, it easy to see that
(24,6,) notisomorphic to (£,,8,).

D. CONCLUSION AND SUGGESTIONS

Based on the explanation above, bi-hyperstructures have been obtained in hyperstructures
of redox reactions with three and four oxidation states. The types of bi-hyperstructures that
obtained are bi-hypergroup and bi-H,-semigroup. Additionally, several related properties of
bi-hyperstructures have been obtained. These properties include the fact that if a
hypergroupoid is a bi-hyperstructure, then it is also a hyperstructure, and if two
hyperstructures are isomorphic, then they share the same bi-hyperstructures. However, it
should be noted that the converse of these two traits is not necessarily true. For future research,
it would be beneficial to analyze the types of bi-hyperstructures in chemical reaction
hyperstructures that have not yet been explored in the context of bi-hyperstructures.

REFERENCES

Agusfrianto, F. A., Hariri, M., & Mahatma, Y. (n.d.). Chemical Hyperstructures For Neptunium, Rubidium,
and Plutonium. Journal of Indonesian Mathematical Society.(Submitted)

Al-Jinani, R, Al-Tahan, M., & Davvaz, B. (2019). Hypergroups and H_v-Groups Associated to Elements
with Four Oxidation States. Facta Universitatis, 34(4), 689-708.
https://doi.org/10.22190/FUMI1904689A

Al-Tahan, M. A, & Davvaz, B. (2018). Weak Chemical Hyperstructures Associated to Electrochemical
Cells. Iranian Journal of Mathematical Chemistry, 9(1), 65-75.
https://doi.org/10.22052/ijmc.2017.88790.1294

Al-Tahan, M., & Davvaz, B. (2019a). A New Relationship Between Intuitionistic Fuzzy Sets and Genetics.
Journal of Classification, 36(3), 494-512. https://doi.org/10.1007/s00357-018-9276-8

Al-Tahan, M., & Davvaz, B. (2019b). Fuzzy Subsets of The Phenotypes of F_2 -Offspring. Facta
Universitatis, 34(4), 709-727. https://doi.org/10.22190/FUMI1904709A

Al-Tahan, M., & Davvaz, B. (2022). Chemical Hyperstructures for Elements with Four Oxidation States.
Iranian Journal of Mathematical Chemistry, 13(2), 85-97.
https://doi.org/10.22052/1JMC.2022.246174.1615

Al Tahan, M., & Davvaz, B. (2017). Algebraic Hyperstructures Associated to Biological Inheritance.
Mathematical Biosciences, 285, 112-118. https://doi.org/10.1016/j.mbs.2017.01.002

Chung, S.-C. (2019). Chemical Hyperstructures for Ozone Depletion. Journal of Chungcheong
Mathematical Society, 32(4), 491-508. https://doi.org/10.14403/jcms.2020.33.4.469

Chung, S.-C., & Chun, K. . (2020). Chemical Hyperstructures For Stratospheric Ozone Depletion. Journal
of Chungcheong Mathematical Society, 33(4), 469-487.



Agusfrianto, Bi-Hyperstructures in Chemical Hyperstructures... 57

https://doi.org/10.14403/jcms.2020.33.4.469

Chung, S. C,, Chun, K. M., Kim, N. ,, Jeong, S. Y., Sim, H., Lee, ]., & Maeng, H. (2014). Chemical hyperalgebras
for three consecutive oxidation states of elements. MATCH : Communications in Mathematics and in
Computer Chemistry, 72(2), 389-402.
https://match.pmfkg.ac.rs/electronic_versions/Match72/n2 /match72n2_389-402.pdf

Corsini, P., & Leoreanu-Fotea, V. (2003). Applications of Hyperstructures Theory. Kluwer Academic
Publishers. https://link.springer.com/book/10.1007/978-1-4757-3714-1

Davvaz, B. (2016). Semihypergroup Theory. In Academic Press. https://doi.org/10.1007/978-3-658-
15397-7_4

Davvaz, B., & Cristea, 1. (2015). Fuzzy algebraic hyperstructures. In Studies in Fuzziness and Soft
Computing (Vol. 321). https://doi.org/10.1007/978-3-319-14762-8

Davvaz, B., & Dehghan-Nezhad, A. (2013). Chemical Examples in Hypergroups. Ratio Matematica, 14(1),
71-74. http://arxiv.org/abs/1008.2438

Davvaz, B., Dehghan Nezhad, A., & Ardakani, M. M. (2014). Chemical Hyperalgebra: Redox Reaction.
MATCH: Communications in Mathematics and in Computer Chemistry, 71, 55-63.
https://match.pmf.kg.ac.rs/electronic_versions/Match71/n2 /match71n2_323-331.pdf

Davvaz, B., Dehghan Nezhad, A., & Benvidi, A. (2012). Chemical Hyperalgebra: Dismutation Reactions.
MATCH: Communications in Mathematics and in Computer Chemistry, 67(1), 55-63.
https://match.pmf.kg.ac.rs/electronic_versions/Match67/n1/match67n1_55-63.pdf

Davvaz, B., & Leoreanu-Fotea, V. (2022). Hypergroup Theory. World Scientific.
https://doi.org/10.1142 /12645

Davvaz, B., Nezhad, A. D., & Heidari, M. M. (2013). Inheritance Examples of Algebraic Hyperstructures.
Information Sciences, 224, 180-187. https://doi.org/10.1016/j.ins.2012.10.023

Davvaz, B., Nezhad, A. D., Mazloum-Ardakani, M., & Sheikh-Mohsenei, M. A. (2014). Describing the
Algebraic Hyperstructure of All Element in Radiolytic Process in Cement Medium.pdf. MATCH :
Communications in  Mathematics and in  Computer Chemistry, 72, 375-388.
https://www.researchgate.net/publication/288809617_Describing_the_Algebraic_Hyperstructur
e_of_All_Elements_in_Radiolytic_Processes_in_Cement_Medium

Davvaz, B., & Vougiouklis, T. (2019). A Walk Through Weak Hyperstructures, A: Hv-structures. In World
Scientific. https://doi.org/10.1142/11229

Douglas, B. E., McDaniel, D. H., & Alexander, ].]. (1992). Concepts and Models of Inorganic Chemistry. John
Wiley & Sons, Inc. https://www.gbv.de/dms/ilmenau/toc/128985674.PDF

Heidari, D., Mazaheri, D., & Davvaz, B. (2019). Chemical Salt Reactions as Algebraic Hyperstructures.
Iranian Journal of Mathematical Chemistry, 10(2), 93-102.
https://doi.org/10.22052/ijmc.2018.114473.1339

Leoreanu-Fotea, V., Sonea, A., & Davvaz, B. (2023). The Fuzzy Degree of a Genetic Hypergroup. Annals of

Fuzzy Mathematics and Informatics, 25(2), 125-138.
http://www.afmi.or.kr/articles_in_%20press/2023-03/AFMI-H-221229R1/AFMI-H-
221229R1.pdf

Marty, F. (1934). Sur une Generalization de la notion de groupe. Congress Math. Scandinaves, 45-49.
https://www.semanticscholar.org/paper/Sur-une-generalization-de-la-notion-de-groupe-
Marty/28b360e062f147b7a01e00713b40b46d948e00db

Nezhad, A. D., Moosavi Nejad, S. M., Nadjafikhah, M., & Davvaz, B. (2012). A physical example of algebraic
hyperstructures: Leptons. Indian  Journal  of  Physics, 86(11), 1027-1032.
https://doi.org/10.1007 /s12648-012-0151-x

Vougiouklis, T. (1994). Hyperstructures and Their Representation. Hardonic Press.
https://hadronicpress.com/hyperstructures.pdf



