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An important aspect in the provision of a two-dimensional warranty is the
expected number of failures of a component during the two-dimensional
warranty period. The purpose of this paper is to present a new method to
obtain the expected number of failures of a nonrepairable component from
the two-dimensional renewal functions as the solution of two-dimensional
renewal integral equations through the Mean Value Theorem for Integrals
(MeVTI) method. The two-dimensional renewal integral equation involves
Lu-Bhattacharyya’s bivariate Weibull model as a two-dimensional failure
model. It turns out that the estimation of the expected number of failures
using the MeVTI method is close to that of the other method, Riemann-
Stieljies method. The bivariate data behaviour of the failures of an automo-
bile component is also studied in this paper.
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A. INTRODUCTION

We study an application in two-dimensional (2D) warranty modeling by considering a 2D
free-replacement policy which is defined by a rectangle [0, W) X [0, U) in the 2D plane with
the horizontal axis representing time and the vertical axis representing usage. The component
that was covered by the warranty policy is nonrepairable and all failed components under
warranty are replaced by new ones. Suppose {(X,,,Y,),n € N} denote the age and usage of the
nth component at failure. By assuming that the time to replace is negligible and the failures
are independent, this implies that a set of {(X,,,Y,,),n € N} is a sequence of independent and
identically distributed (i.i.d.) of nonnegative bivariate random variables with a common joint
ditribution function F(x,y) and number of failures over the rectangle [0,x) X [0,y) is given
by a 2D renewal process, that is N(x, y). Therefore, the expected number of failures over the
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rectangle [0, x) X [0, y) is given by M (x, y) which is called the 2D renewal function (2D RNF)
associated with F(x, y).

Since M (x, y) plays an important role in the 2D warranty modeling, it is really necessary to
obtain the M(x,y) analytically. However, even for the simplest forms of F(x,y), obtaining
M (x,y) is difficult and complicated, or maybe impossible. Thus, computational techniques for
estimating M (x, y) are therefore required. One of computational techniques which have been
widely used is Riemann-Stieljies (RS) method for estimating M (x, y) which is expressed as the
solution of the 2D renewal integral equation (2D RNIE).

We confine our attention to develop a numerical integration procedure that is based on
Maghsoodloo-Helvaci's (2014) method where Sasongko & Mahatma (2016) called it as the
Mean Value Theorem for Integrals (MeVTI) method. We present a new numerical integration
procedure that is based on the MeVTI method for estimating M (x, y) which is expressed as
the solution of the 2D RNIE. We also study the bivariate data behaviour of the failures of a
component. We consider that the marginals of the data follow the Weibull distributions and
the M(x, y) is associated with Lu-Bhattacharyya’s bivariate Weibull model. Then, the M (x, y)
is obtained by the estimation of the 2D RNIE using the MeVTI method.

B. METHODS

The 2D RNF plays an important role in the 2D warranty modeling. Blischke et al (2011)
give basic explanation that we have to know about warranty analysis and modeling. Baik et al
(2004) discuss about two-dimensional failure modeling, propose the character of the failures
over a two-dimensional warranty region under minimal repair, and compare the use minimal
repair strategy with replacement strategy. Baik et al (2006) give an erratum for their work in
Baik et al (2004) at the character of the failures over a two-dimensional warranty region un-
der minimal repair strategy but not under replacement strategy. Except in the minimal repair
and replacement case, Banerjee & Bhattacharjee (2012) discuss about an analysis of a two-
dimensional warranty with an imperfect repair strategy. Some literature of warranty applica-
tion can be found such as in Chari et al (2013) which discuss the use of reconditioned prod-
ucts for unlimited free replacement warranty (FRW) policy, Januantoro & Sarno (2018) use
integer programming for optimizing cost and time of warranty process with repair and re-
placement strategy, and Rohman et al (2018) discuss two-dimensional warranty cost model-
ing with replacement strategy which involves copula function as a failure model.

We concern about obtaining a computational technique for estimating 2D RNF which is
expressed as the solution of 2D RNIE. Generally, a numerical method that have been widely
used for estimating 1D RNF or 2D RNF is a method based on integral Riemann-Stieljies. Pirade
et al (2017) give basic explanation about the theory of integral Riemann-Stieljies. Two litera-
tures those apply the integral Riemann-Stieljies for estimating the RNF which expressed as
the RNIE are Xie (1989) for 1D RNIE case and Iskandar (1991) for 2D RNIE case. In this paper,
the main method we concern to discuss for estimating the RNF is through the mean value
theorem for integral method. Some literature discuss the basic theory and application of the
mean value theorem for integral method such as Merikoski et al (2009), Mihai (2015), and
Hutnik & Molnarova (2015). The application of the mean value theorem for integral in the
warranty modeling have been used for estimating 1D RNIE in the Maghsoodloo & Helvaci
(2014) and Sasongko & Mahatma (2016). Sasongko & Mahatma (2016) called the mean value
theorem for integrals as the MeVTI method. Several methods have been used to estimate or
approximate the RNF. Kambo et al (2012) discuss and propose to approximate the RNF based
only on first three moments. Some literature discuss the other approximation of the 2D RNF
such as Hadji et al (2015), Arunachalam & Calvache (2015), and Omey et al (2018).



Leopoldus Ricky Sasongko, The Mean Value Theorem for...51

The 2D RNF which is expressed as the solution of the 2D RNIE is given by
x Yy

M(x,y) =F(x,y)+fjM(x—t,y—s)dF(t,s) (D
00

Several steps to obtain our numerical integration for estimating (1) through MeVTI method
are done by:
* Modifying variablesu = x —t and vV=y-—s5,
» Considering that F(x,y) = f f dF(x u,y — v) and
fox nyM(x—t,y—s)dF(t,s) —f f Y M(u, v)dF (x —u,y — v) to the (1),
* (Obtaining a new expression M(x, y) = fo ny [1+ M@, v)|dF(x —u,y — v),
» Discretizing [0, x) X [0,y) into n X m rectangles that have equal area, they are
[x;_1,%;) X [yj_l,y]-) with x; = iAx and y; = jAy where Ax = x/nand Ay = y/m,
* Considering that M (x,y) = M1 [fxx‘ fyyjj_l[l +Mu,v)|dF(x —u,y — v)],

= Applying MeVTI on the point (xi_l,yj_l) at every rectangles [x;_1,x;) X [yj_l,y]-) to obtain
the estimation of M (x, y), that is given by

n o m xp YVj ]
M(x,y) = Z [14 M(x;—1,j-1)] j JdF(x—u,y—v)i
i=1j=1 | Xi-1Yj-1 J
= z [1+ M (x;—1, ;1) A% i i’ 1F(x—uy—v)] (2)
i=1j=1

= Considering M(x,,y,) = M(0,0) = M(0,0) = 0 and M(x;,0) = M(O y]) 0,

= Considering that M(x, y) can be obtained forward recursively by

P q
M(x,,y,) = Zz [(1 + 1\7I(xi_1,yj_1)) Ay, ;j o —wy, - v)] (3)

i=1=1
wherep =1,2,3,...,nand q =1,2,3,...,m

1. Lu-Bhattacharyya’s bivariate Weibull model
Lu & Bhattacharyya (1990) propose a bivariate Weibull failure model which is given by

the realibility function
RN d
— 5 5
Fips(x,y) = exp| — [(a—) + <—)

(4)

1 s

Thus, the corresponding bivariate distribution function is given by

1 B2 § .
Fips(x,y) =exp| — [(1>% + <l>ﬁa + exp[ (a1>ﬁ1_ + exp I— (a%)ﬂzl -1 (5

aq az
where 6 is the parameter dependence and 0 < § < 1. Note that (5) has marginals which are
B B2]
X~F;(x) =1—exp [— (ai) 1] and ;~F,(y) =1 —exp [— (QL) ’ , univariate Weibull. Baik et
1 2 |
al (2004) and Lu & Bhattacharyya (1990) note that E[Y;|X; = x] increases with x.
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2. Estimating the 2D RNF associated with Lu-Bhattacharyya’s bivariate Weibull model

We adopt an example which is found in Baik et al (2004). Let Lu-Bhattacharyya'’s bivariate
Weibull model parameters be as follows:

a, = 2, ,81 =3, a, = 15, ,82 = 2, 6 =05

The units for age and usage are years and 10% km, respectively. Then, the estimation of the 2D
RNF associated with the model through MeVTI method or MLB’g (W, U) at several rectangles
[0,W) x [0,U) are shown in Table 1. The numbers in the inside of [ ] are the results of the 2D
RNF associated with the model through RS method which can be found in Baik et al (2004).

Table 1. The Estimation of the 2D RNF associated with the Lu-Bhattacharyya’s bivariate Weibull

Usage U (10000 km)
1 3 5 8 10
1 | 0.095[0.095] | 0.298[0.301] | 0.324 [0.328] | 0.326 [0.330] | 0.326 [0.330]
Agew 2| 0105[0.105] | 0.583[0.588] | 0.789[0.802] | 0.825 [0.840] | 0.826 [0.641]
3 | 0.106[0.106] | 0.698 [0.704] | 1.164 [1.181] | 1.347 [1.374] | 1.359 [1.388]
(vears) 4 01070.107] | 0.733 [0.740] | 1.369 [1.387] | 1.820 [1.855] | 1.886 [1.927]
5 | 0.107[0.107] | 0.743 [0.750] | 1.454 [1.474] | 2.180 [2.218] | 2.368 [2.418]

C. RESULT AND DISCUSSION
1. Data Set and Analysis

We deal with a case study based on secondary data found in. Blischke et al (2011) give a
part of warranty claims data for an automobile component (20 observations out of 498). We
assume the component is nonrepairable. We also consider to assume failure modes, type of
automobile used the component, and auto-used zone/region are negligible because of no de-
tailed information about those (those are only shown in codes). Thus, we only use data con-
sisted age in days and used KM at failure. The data have been scaled into the units for age and
usage are months and 104 km, respectively. The data are shown in Table 2. Table 3 and Fig-
ure 1 show the preliminary analysis of the data.

We consider to estimate marginal age in months (X;) and usage per 10* km (Y;) to the uni-
variate Weibull distributions. Figure 2 gives Weibull probability plot for each marginals. Ta-
ble 4 gives the estimation of the parameters and the goodness of fit statistics.

Then, we consider to estimate the bivariate distribution of the bivariate data with the Lu-
Bhattacharyya’s bivariate Weibull distribution. We use the vector generalized linier models
(VGLM) method to estimate the parameter § of the Lu-Bhattacharyya’s bivariate Weibull dis-
tribution. The goodness of fit statistic of the estimation of the Lu-Bhattacharyya’s bivariate
Weibull distribution is done through the statistic Cramér-von Mises (Sy) based on parametric
bootstrap. The estimator of parameter and the goodness of fit statistic were given in Table 5.

Table 2. Failure data for an automobile component

No Age Usage No Age Usage
" (months) (104Kkm) " (months) (104km)
1 4.5333  3.6487 11 5.6333 1.8175
2 34667 0.2381 12 5.6333 1.8106
3 3.3000  1.4507 13 12.1333  2.7008
4 3.1333  0.7377 14 2.6000 1.1600
5 3.1333  1.0790 15 2.6000  0.7900
6 5.2000 4.7312 16 2.5667 1.7620
7 9.8333  5.6943 17 0.5333 0.7762
8 10.0000  4.5292 18 0.5000  3.9487
9 1.8000 0.5187 19 14667  0.6420

10 2.7333  0.4512 20 6.1667 45121




Leopoldus Ricky Sasongko, The Mean Value Theorem for...53

Table 3. Summary statistics for the variables age and usage for failed components

Statistics Mean Var. Min Q4 Q, Q3 Max Skewness Kurtosis

Age (months) 4348 10.047 0.500 2.575 3.217 5.633 12.133 1.190 3.900

Usage (10¢km) 2.150 2971 0.238 0.747 1.606 3.874 5.694 0.770 3.850
el s
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Figure 1. Marginal plot of age (months) versus usage (10000 km)
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Figure 2. Weibull Probability Plot for (a) marginal X;and (b) marginalY;

Table 4. Parameters and goodness of fit statistics for marginal X; and marginal Y}

Univariate Weibull Distributions Goodness of Fit Statistics
. Mar- Estimator of the Standard Error of Kolmogorov- Anderson-
L %mal Parameters the estimators Smirnov Darling
ata a; Bi SE(@) SE(B;)) Stat.KS (p-value) Stat. AD (p-value)
1 X 51614 1.6385 0.7447 0.2776 0.1440 (0.8015) 0.4348 (0.8119)
2 Y; 2.3324 1.2910 0.4272 0.2278 0.1345 (0.8163) 0.5024 (0.7423)
Table 5. Parameter and goodness of fit statistic for the bivariate data
o Lu-&l;?ﬁﬁil;):aizirﬂ%gg/:;;ate Goodness of Fit Statistics
Bivariate Estimator of the Standard Error Cramér-von Mises based on
Data Parameter of the estimator parametric bootstrap
) SE(3) Stat. Sy (p-value)

X, 7)) 0.4842 0.0690 0.0514 (0.0674)
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2. Results

We have the MeVTI method for estimating the 2D RNF which is expressed as the solution
of the 2D RNIE in (3). We estimate the 2D RNF associated with Lu-Bhattacharyya’s bivariate
Weibull model where the parameters are a; = 2,5, = 3,a; = 1.5, 8, = 2, and § = 0.5. The
estimation of the 2D RNF associated with the model through MeVTI method at several rectan-
gles [0, W) X [0, U) are shown in Table 1. The numbers in the inside of [ ] in Tabel 1 are the es-
timation of the 2D RNF associated with the same model through RS method. By considering
the result in the Table 1, it turns out that the estimation of the 2D RNF through MeVTI method
is close to the estimation of the 2D RNF through RS method. However, we do not have the ex-
act estimation of the 2D RNF associated with the model. Thus, we can not compare which the
better method is, about the accuracy of the methods.

We consider that the bivariate data have marginals which are univariate Weibull distribu-
tions, where the marginal X; has parameters &; = 5.1614, ; = 1.6385, and the marginal ¥;
has parameters @&, = 2.3324, 8, = 1.2910. By considering Tabel 5, the bivariate data follow
the Lu-Bhattacharyya’s bivariate Weibull distribution with parameter § = 0.4842 at level of
significancy is less than or equal 0.05. Then, the 2D RNF associates with Lu-Bhattacharyya’s
bivariate Weibull model where the parameters are @&, = 5.1614, ; = 1.6385, &, = 2.3324,
B, = 1.2910, and § = 0.4842. The estimation of 2D RNF associated with the model through
MeVTI method at several [0, W) X [0, U) are shown in Table 6. However, at the level of signifi-
cancy greater than 0.5, we reject the model. Thus, other models are therefore required.

Table 6. The estimation of the 2D RNF associated with model of the bivariate data
Usage U (104 km)
1 2 3 4 5

1 0.0623 0.0656 0.0663 0.0665 0.0666

Age W 3 0.2291 0.3280 0.3569 0.3664 0.3699
(months) 6 0.3034 0.6203 0.8170 0.9124 0.9543
9 0.3147 0.7104 1.0651 1.3199 1.4730

12 0.3166 0.7299 1.1487 1.5228 1.8140

D. CONCLUSION AND SUGGESTIONS

We have provided a new numerical integration through the MeVTI method for estimating
the 2D RNF. We have applied our method to estimate the 2D RNF which is associated with Lu-
Bhattacharyya’s bivariate Weibull failure model. It turns out that the estimation of the 2D RNF
through MeVTI method is close to the estimation of the 2D RNF through RS method. However,
we do not have the exact estimation of the 2D RNF associated with the model. Thus, we can
not compare which the better method is, about the accuracy of the methods.

We have studied and analyzed the bivariate data behaviour of the failures of an automo-
bile component which is assumed as nonrepairable component. We have obtained that the
data follow the Lu-Bhattacharyya’s bivariate Weibull failure model at the level of significancy
is less than or equal 0.05 and the estimation of the 2D RNF associated with the model. How-
ever, at level of significancy is greater than 0.5, we reject the model. Thus, other models are
therefore required.
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