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ABSTRACT

Article History: In the present paper, we study some properties of the Heisenberg Lie algebra of
Received : 08-06-2020 dimension 2n + 1. The main purpose of this research is to construct a real
Revised 1 : 22-06-2020 Frobenius Lie algebra from the Heisenberg Lie algebra of dimension 2n + 1. To
Revised 2 : 08-09-2020 achieve this, we exhibit how to compute the derivation of the Heisenberg Lie
Accepted :09-09-2020 algebra by following Oom’s result. In this research, we use a literature review
Online  :03-10-2020 method to some related papers corresponding to a derivation of a Lie algebra,

Frobenius Lie algebras, and Plancherel measure. Determining a conjecture of a
Keyword: real Frobenius Lie algebra is obtained. As the main result, we prove that

conjecture. Namely, for the given the Heisenberg Lie algebra, there exists a
commutative subalgebra of dimension one such that its semi direct sum is a real
Frobenius Lie algebra of dimension 2n + 2. Futhermore, in the notion of the Lie
group of the Heisenberg Lie algebra which is called the Heisenberg Lie group, we

Heisenberg Lie algebra;
Heisenberg Lie group;
Frobenius Lie algebra;
Generalized character;

Unitary dual; compute the generalized character of its group and we determine the Plancherel
Plancherel measure. measure of the unitary dual of the Heisenberg Lie group. As our contributions, we
complete some examples of Frobenius Lie algebras obtained from a nilpotent Lie
E . 2 E algebra and we also give alternative computations to find the Plancherel measure
of the Heisenberg Lie group.
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A. INTRODUCTION

The notion of the Heisenberg Lie algebra and its Lie group were studied by many
researchers in many areas and many perspectives. For example we can find a new structure of
irreducible modules defined over the Heisenberg Lie algebra (Bekkert & et al, 2013) and (Lu
& Zhao 2015). In the context of a representation theory of a Lie group, we can see that the
Heisenberg Lie group can be realized in the quaternionic stage (Balachandirin & et al, 2017)
and modular representations over a Heisenberg algebras (Szechtman, 2014). Furthermore,
the structure of generalization of the Heisenberg Lie algebra were studied in (Cantuba &
Merciales, 2020), (Cantuba, 2019), (Souza, 2019), (Niroomand & Johari, 2018), (Nirooman &
Parvizi, 2017), and (Liu & et al, 2012).
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The Heisenberg Lie algebra is a familiar example of nilpotent Lie algebras and it can be
important model in other Lie algebra types. For example we introduce the notion of
Frobenius Lie algebras which can be obtained from a split torus (Ooms, 2009). Even though,
the Heisenberg Lie algebra is never to be a Frobenius Lie algebra, but the semidirect sum of
the Heisenberg Lie algebra and a split torus can be a Frobenius Lie algebra. For 4-
dimensional Frobenius Lie algebra constructed from 3-dimensional Heisenberg Lie algebra
can be found in (Kurniadi, 2020).

Moreover, we have some facts that the Lie group of the Heisenberg Lie algebra is
unimodular (Hilgert & Neeb, 2012) and its irreducible unitary representation of that group is
square-integrable. It is well known in some classical books of harmonic analysis as well that
its Duflo-Moore operator for the square-integrable representation of Heisenberg Lie group is
a multiple of a scalar. As intance, the Duflo-Moore operator for a square-integrable
representation of a Lie group of Filiform Lie algebra of dimension four is a multiple scalar
(Kurniadi, 2020). Finally, our main purpose in this present paper is to construct a real
Frobenius Lie algebra of dimension 2n + 2 corresponding to the Heisenberg Lie algebra of
dimension 2n + 1 by proving the following conjecture.

Conjecture 1. Let h be a (2n + 1)-dimensional Heisenberg Lie algebra then there exists a 1-
dimensional commutative subalgebra I of derivaton of h such that a semi direct sum h @ I is
a Frobenius Lie algebra.

Furthermore, inspired by computations in (Kirillov, 2004) page 59—61 about the
Plancherel measure in the unitary of the 3-dimensional Heisenberg Lie group, we shall
generalize this result to the Plancherel measure in the unitary dual of (2n + 1)-dimensional
Heisenberg Lie group corresponding to its irreducible unitary representation presented in
(Corwin & Greenleaf, 1990) page 48. In the previous work we can see the notions and some
applications of unitary dual groups (Bagarello & Russo, 2018), (Baraquin, 2017), and (Cebron
& Ulrich, 2016).

B. METHODS

The method of this research is the literature review. Especially, we survey two main
results as follows. First, we generalize the result in paper (Ooms, 2009) about the
construction of a Frobenius Lie algebra from the Heisenberg Lie algebra. The second, we
compute the generalized character corresponding to the irreducible unitary representation of
the Heisenberg Lie group of dimension 2n + 1. Moreover, we continue the Plancherel
measure computation of the Heisenberg Lie group of dimension 3 as stated in (Kirillov, 2004)
to the case of dimension 2n + 1.

In the this section, we shall first briefly review some basic notions such as the Heisenberg
Lie algebra and its Lie group, Frobenius Lie algebras, the unitary irreducible representation of
the Heisenberg Lie group, the unitary dual of the Heisenberg Lie group, generalized
characters, and the Plancherel measure.

Let A and V be vectors in R" with A= (A4, 4,, ..., A,;) and V= (V4,V,, ..., V,). We denote the
inner product in R" by formula:
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AlV) = Z:l AqVy. (1)

Definition 1(Corwin & Greenleaf, 1990). The (2n + 1)-dimensional Lie algebra h with basis
S:={AV,t} ={A,A,,..,0,,V,V,, ...,V t}is said to be the Heisenberg Lie algebra if its
nonzero bracket is given by the following formula

[A, Vil = ¢, (1 <k <n). (2)
We realize the elements of the Heisenberg Lie algebra h as a matrix algebra of dimension
(n+ 2) X (n + 2) as follows.

0 A t
h(A,V,t)=<0 0 v>. (3)
0 0 0

Using the exponential map we obtain the corresponding Heisenberg Lie group H whose
elements are given by

1 At
H(A,V,t)=<0 1 v>. (4)
0 0 1

Proposition 1(Kirillov, 2004). Let H be the Heisenberg Lie group whose the Heisenberg Lie
algebra is h and h* be a dual vector space of h. Then the coadjoint orbits of H in h* are the
hyperplane 0, with A # 0 and the points.

The unitary irreducible representations of H in the carrier space L?(R™) that is in the Hilbert
space of square-integrable functions on R" corresponding to the hyperplane 0, can be found
in (Corwin & Greenleaf, 1990) and rewrite as follows.

zma(t+(q|v)+(§)m|v))

m(H(A,V,0)0(0) = e 6( + A), (5)

where AV, € Rt € R, 0 € L2(R™) and ({|V) is the usual inner product on R".

On the other hand, the irreducible unitary representations of H corresponding to O-
dimensional orbit is 1-dimensional representation and its Plancherel measure is equal to zero.
In addition, in (Kirillov, 2004) we have that every irreducible unitary representation of H is
exactly unitarily equivalent to one of above both representations. Therefore, as a set we can
deduce that the unitary dual H of H equals R\{0} U R?".

Let 6 be a function in the space L'(G) of integrable functions on topological group G and
let dx be left-invariant measure on G. Fix a representative representation mr, for any A € G.

The Fourier transform 8 as an operator-valued function on G is defined as follows (see
(Kirillov, 2004) page 370).

o) = [, 6(x)m(x)dx. (6)

The function 6 can be constructed by the Fourier inversion formula, we have
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() = [, tr ()M (0)*)du(d) (7)

where u is a mesure on G which is called the Plancherel measure and the Planchere formula is
given in the terms of

16112 = [, tr (B()*8(D)dud) = ||6]|". (8)

Now we turn to introduce the notion of a Frobenius Lie algebra. The recent research of
Frobenius Lie algebras can be found in (Alvarez & et al, 2018), (Pham, 2016), (Diatta &
Manga, 2014), (Stachura, 2013), and (Zeitlin, 2012). Letgbe a Lie algebra with basis
S" = {¥1,Y2,¥3 -, ¥an}. Let Mt([y;,¥;]) (1 <1i,j<2n)be matrix of dimension 2n X 2n
consisting of brackets [y;, y;] as its elements. Then g is said to be Frobenius if determinant of
matrix Mt([yl-, yj]) is not equal to zero.

For example, let g be Lie algebra with basis {y;,y,}. The non zero bracket is given by
[v1, V2] = ¥,. We see that the matrix

(9)

Mt([yl,y] ) vyl [ ye ] [_yz

2 y1] [V2,¥-]

has determinat y2 # 0. Therefore, g is Frobenius Lie algebra.

C. RESULT AND DISCUSSION
In this section we devide our argument into two part as follows:

1. Construction of a Frobenius Lie algebra from the Heisenberg Lie Algebra.

The first argument is how to prove the existence of a 1- dimensional commutative
subalgebra I" of derivaton of the Heisenberg Lie algebra h. For our purpose, we claim the
Conjecture 1 above and we prove the following Proposition.

Proposition 2. Let h be a (2n + 1)-dimensional Heisenberg Lie algebra then there exists a 1-
dimensional commutative subalgebra I' of derivaton of h such that a semi direct sum h @ T is
a Frobenius Lie algebra.

Proof.

Let S:={AV,t} ={A, A, ...,0,, V1, V5, ..., Vy, t} be basis for h. We apply the formula in
(Ayala, Kizil, & Tribuzy, 2012) to consider the matrix derivation II := [aij]T of h where [aij]T
is transpose of [a;;]. We have that Il is the matrix derivation if and only the equation below
is satisfied.

22n+1 akp 22n+1(d ik + ajkCiz;( . (10)

where 1 <i,j,p <2n+1and Ci'j- € R is a structure constants of brackets [Ai,Vj] .
Furthermore, we follow the detail computations for the Heisenberg Lie algebra of dimension 3
in (Kurniadi, 2020a) to the Heisenberg Lie algebra of dimension 2n + 1 case in order to find a
1- dimensional commutative subalgebra I of derivaton of h. Namely we have I := (s) where
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S = diag{pll P2, D3, - Pns 1- P1, 1- P2, 1- P3, - '1 — Pn 1} (ll)

and diag{p;, ...,1} is the diagonal matrix of the matrix derivation II.
To prove that the semi direct sum h @ I' with basis
S§":={AV,t,s} ={A,D,, ..., 0, V1, V5, ...,V t, s} is a Frobenius Lie algebra, we prove that
the determinant of matrix Mt([ei, ej]), (€, & €S5") is not equal to zero.

For simpler computations, we choose s, = diag{1,1,1, ...,1,0,0,0, ...,0,1}. Then we have the
following matrix of the form.

0 Ay A, o A, 0O 0 ¢
-A, O O .. 0 t O 0 0
-A, 0 O 0 0 ¢t 0 0
Mt([ei, Sj]) =1 : o T (12)
o -t 0 .. 0 OO0 .. 0O
0 O -t .. 0 0 0 .. 00
L—t 0 0 .. 0 0 0 .. 0 o

By interchange between two coloumns we have that det (Mt([ei, sj])) = t2"*2 % 0. Thus, the

semi direct sum h @ I' is Frobenius Lie algebra as desired.
]

2. The Plancherel Measure in the Unitary Dual of the Heisenberg Lie Group.

Let ) be the unitary irreducible representations of the Heisenberg Lie group H in the
carrier space L2(R™) corresponding to the hyperplane @, as written in egs. (5). We have

Proposition 3. The Plancherel measure on the H = R\{0} corresponding to the unitary
irreducible representations m; of the Heisenberg Lie group H of dimension 2n + 1 is of the form
|A|™*dA.

Proof.
Let y € L1(H) and 8 € L?(R™). Using egs.(5) and egs. (6) we have

V()00 = J J j YAV, ) m (H(A, Y, 1))6(0) dAdvde

R R" R"

- J J j ¢(A,v,t)ezm(HmvH@)(Mw)g((+A) dAdVdt

R R"™ R"

(13)

2nm<t+(z|v)+(%)({f—<'}lv)>

_ f f f WE -V, 0)e 6(¢) dédvdt,

R R" R"

( &=¢+4 )

which is an integral operator with the kernel
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Ky(£,0) = f f ?,l)(f—C,V,t)eZni)[(”(z|V)+(%)({$_G|V)>

R R"

dvdt (14)

and the trace is given by the formula

tr () = j‘K¢(c,c>dz (15)

]Rn

= f f f ¥(0,V, t) e2mMt+CIM) gvdrdg

R™ R R"

— M-l_n f -]- j-w(O, v, t) eZnilt+27ti(y|V) dthdy
R® R R”

( y=a ) (16)

= |A|™ f f W(0,V,t)e™A§(V)dvdt
R R

ww»=feWMWW)

RN

= |/1|‘”j jllJ(0,0, t)e2miAt gt

R R"

Using Fourier inversion formula then we have

V(A V,b) = f tr (Pm)m(H(A,V,1))7)1A]"dA (17)

H

Therefore, we have that the Plancherel measure on H is of the form du(2) = |A|*dA.
[ ]

Furthermore, in the terms of the Fourier transform we have that its generelized character is of
dAdv
the measure —
In the end of this section, we achieved our main purpose to show the existence of a real

Frobebius Lie algebra constructed from the Heisenberg Lie algebra of dimension 2n + 1 as
can be seen in Proposition 2 and its proof.
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D. CONCLUSION AND SUGGESTIONS

From our discussion above, we conclude that For a given Heisenberg Lie algebra then
there exists a commutative subalgebra I of dimension one of derivation h such that the
semidirect sum h @ I'is a Frobenius Lie algebra. Furthermore, The Plancherel measure on
the H = R\{0} corresponding to the unitary irreducible representations m; of Heisenberg Lie
group H of dimension 2n + 1is of the form [1]|"dA. It is suggessted for future research to
construct and classify the isomorphism classes of Frobenius Lie algebras of dimension > 8.
These problems are still open to study.
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