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matrix of order nxn. The aim of this research is to determine the general form or
formula for the trace of a Toeplitz (n-1)-tridiagonal matrix of order nxn raised to a
positive integer power. This research is quantitative, with the research instrument
being the collection of data from the multiplication of Toeplitz (n-1)-tridiagonal

;\(/I?t’}?;?x::t?cal Induction: matrices starting from order 3x3 from powers 2 through 10. This process continues
(n — 1) —Tridiagonal; ' up to order 6x6 from powers 2 through 10, until the pattern becomes apparent.
Toeplitz Matrix; The results of the research are two general forms of the powers of the Toeplitz (n-
Trace. 1)-tridiagonal matrix of order nxn: one for odd positive integer powers and another

for even positive integer powers, both of which have been proven using
mathematical induction. Furthermore, by using the definition of the trace of a
matrix obtained two general forms for the trace of the Toeplitz (n-1)-tridiagonal
matrix of order nxn are also derived: one for odd positive integer powers and
another for even positive integer powers from the general form of the matrix
power. Given the application of these two general forms in example problems with
the order 8x8 for powers 12 and 21.
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A. INTRODUCTION

Mathematics is a field of science that studies patterns, structures, spaces, and relationships
between concepts using symbols, numbers, and logic. Problem solving with logic, critical and
systematic thinking are the goals of mathematics. Mathematical principles are used as the basis
of many modern technological innovations, such as cryptography (Kromodimoeljo, 2012) and
artificial intelligence (Andriyani, 2024). Mathematics is also a foundation for many other
professions and disciplines. Mathematics has many fields of study, including arithmetic,
geometry, algebra, trigonometry, calculus, statistics, etc (Andriani, 2012).

Topics discussed in algebra include matrices, systems of linear equations, vector spaces,
linear transformations, and more. The most commonly encountered mathematical concept is
matrices, because matrices are an important tool for modeling and analyzing linear systems. A
matrix is an arrangement of numbers arranged in rows (m) and columns (n) (Anton & Rorres,
2004). Matrices have many types, one of which is the toeplitz matrix. The toeplitz matrix has
special properties and structure so that it has its own uniqueness. This toeplitz matrixisn X n
in size whose entries on the main diagonal are of the same value, as well as entries on the
subdiagonal of the same value corresponding to the main diagonal (Aryani & Husna, 2019).
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The discussion of the toeplitz matrix has been widely discussed and has developed every
year until now. As in Putri (2020) in 2020 discussed the symmetrical pentadiagonal toeplitz
matrix. As in Hadi (2020) in the same year the toeplitz-Hessenberg matrix was discussed. Then
in Aryani etal. (2022) two years later discussed the symmetrical heptadiagonal toeplitz matrix.
In Aryani et al. (2022); Hadi (2020) with different types of matrices, the research is equally
looking for the general form of the trace in each matrix. Matrix theory is a fundamental theory
in algebra, various things can be done from a matrix, such as matrix multiplication, matrix
determinant, trace matrix and others.

In the operation of the matrix, the calculation of the trace matrix is relatively easy to do
because the trace matrix is obtained by simply summing the main diagonal elements of the
square matrix (Aryani et al., 2023). In this definition, determining the trace matrix is not
difficult, but if the matrix that has been referred to is of power n, then to determine the trace
matrix, first the matrix operation is carried out by multiplying the matrix n times. Therefore,
determining the trace of a power matrix becomes quite difficult. It is quite interesting to do
research on how to determine the right formula for determining the trace of a raised matrix
without having to do matrix multiplication. In (Aryani & Husna, 2019), a trace matrix
calculation was carried out on a 3 X 3 tridiagonal toeplitz matrix with a positive power integer,
the following is the original format of the matrix:

a b 0
As;=|c a bl
0 ¢ a

The general form of the trace matrix is obtained:

n—1
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Then in (Olii etal.,, 2021), the trace matrix calculation was carried out on the 2 —tridiagonal
3 X 3 toepitz matrix with positive integer power, using a matrix:

a 0 c
0 a 0]

b 0 a

A=
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The general form of the trace matrix is obtained:

( n-1
Z
a® + 2 z (an) a™2(bc)t , nodd,n>0, neZ
tr(A™) = 1 0 :
2
a + ZZ (Z) a™2(bc)t nevenn=>0 ne€Z
\ i=0

and there are still many studies related to trace matrices with various matrices studied such as
in (Rahmawati, Wartono, et al., 2019) discussed the Trace of Integer Power of Real 3 X 3
Specific Matrices. in (Fitri Aryani etal.,, 2020) discussed the Trace a 3 X 3 Special-shaped Matrix
of Positive Power Integer. in (Rahmawati et al., 2021) the Trace of Positive Integer Power of
Squared Special Matrix was discussed. In (Aryani, Marzuki, et al., 2023) discussed about the
Trace of the Adjacency Matrix n X n of the Cycle Graph To the Power of Six To Ten. It is known
that this research is related to the studies presented above, namely determining the general
form of the trace of a matrix raised to a positive integer power. However, it differs in the type
of matrix used. The study (Olii etal., 2021) is the main reference for this research, but the matrix
used in this study is different from the one used in (Olii et al., 2021). The matrix used in this
research isa (n — 1) —Tridiagonal Toeplitz Matrix n X n with the following matrix form:

a 0 0 - 0 0 ¢
O a 0 - 0 0 O
0O 0 a - 0 0 O
A, =1+ + ¢~ 2 ] n=>3 (D
0 0 O a 0 O
0 0 O 0 a O
b 0 0 0 0 a

B. METHODS

This research uses the literature study method. Here are some stages in this research:

1. The matrix used is an (n — 1) —tridiagonal toeplitz matrix of order n X n withn > 3 in
Equation (1).

2. Find the matrix expansions A,,° to A,,™ with n, m is the limit when the pattern is visible.

3. Conjecture the general form of matrix expansion 4,™ for m positive integers.

4. Prove the general form of matrix division 4, for m positive integers by mathematical
induction.

5. Obtain the general form of tr(4,™) for m positive integers using the definition of trace
matrix and proved through direct proof.

6. Apply the general form of matrix 4, and tr(4,™) for m positive integers to example
problems using MATLAB.
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Explanations of the definitions of matrix multiplication and power and theorems related to
power matrix rules can be found in (Andeli¢ & da Fonseca, 2019; Anton & Rorres, 2004; El-
mikkawy & Karawia, 2006; Hadi, 2020; Hernita, 2023; Rasmawati et al., 2021; Salkuyeh, 2006).
The proof of the general form of matrix power uses the rules of mathematical induction, the
description of which is found in (Drs. Sukirman M.Pd, 2006; Munir, 2016). The definitions and
theorems related to the rules of power matrix and trace matrix are given in (Rahmawati, Putri,
et al,, 2019). Proving the general form of the power matrix 4, for m positive integers using
the rules of mathematical induction, as outlined in (Drs. Sukirman M.Pd, 2006; Munir, 2016).
The mathematical induction method is highly appropriate for proving mathematical statements
in this research, as the mathematical statement holds for all positive integers and is very
accurate for the proof.

C. RESULT AND DISCUSSION
The results obtained are based on the steps in the research method. The first step taken
was to determine the form of the powers of the (n — 1) —Tridiagonal Toeplitz Matrix n X n,
from As*to A5°, followed by 4,%to 4,°, As®to As'® and finally A2 to A¢™° up to the point
where the pattern becomes apparent. When the matrix powers pattern has been obtained, then
we can predict the general form of the powers of the (n — 1) —Tridiagonal Toeplitz Matrix n X
n, with the power of a positive integer. This predict was then proven using the method of
mathematical induction, which is presented in Section 1 below.
1. General form of the Positive Integer Powers (n — 1) —Tridiagonal Toeplitz Matrix n X
n

Theorem 1. Given an (n — 1) —Tridiagonal Toeplitz Matrix n X n for n > 3 of the form:

a 0 0 0 0 ¢
0 a O 0 0 O
0O 0 a - 0 0 O
A, =1+ ¢+ + =~ &+ i+ |, Va,b,c#0,then
0 0 O a 0 O
0 0 O 0 a O
b 0 0 0 0 a
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m-1 m-1
2 2
"D a2 (be)! 0 0 0 0 (217’1 1) m=2i-1pi i+1
i=0 i=0
0 a™ 0 0 o0 0
0 0 a™ 0 o0 0
: : : : : : , modd,m € Z*
0 0 0 a™ 0 0
0 0 0 0 a™ 0
na m-1
2 2
m m-—2i 1b1+1 i 0 0 0 0 m) m-2i b i
(ZL + 1) a a (bo)
m __ i=0 i=0
A" = m m-2z (2)
2 2
m m-2i i am 2i-1pi ~i+1
(21) (be) 0 0 0 0 (21 + 1 b'c
i=0 i=0
0 a™ 0 0 0 0
0 0 a™ 0 0 0
: : : : : : s meven,m € Z*
0 0 o0 a™ 0 0
0 0 o0 0 a™ 0
m-2 m
2 2
am-2i-1pi+ g m\ m-zi i
(5 + ) bi*ici 0 0 0 0 (21) (bo)
- 1=0 i=0

Proof. The proof is done using mathematical induction. The proof for m odd positive integers

is given:
mol m-1
2
m\ m-2i i qM—2i-1pi i+l
Z (2;) a2 o) 0 0 (2% 1) e
i=0 i=0
0 a™ 0 0
p(m):A,™ = : : : : ,m€Z*
0 0 am 0
m-1 m-1
2 2
qMm—2i-1pi+1 i my m—2i i
21+ 1 pitict 0 )a (bc)
- i=0 i=0
a. Will be shown that p(1) is true.
Fo1m1 -1
2 2
1N 1-2i0p i z L gr-zi-1pigitt
Z (2i) @ (be) 0 0 21 + 1 be
i=0 i=0
L 0 al 0 0
p(1):4,' = : : : :
0 0 at 0
11 11
2 2
( 1 )a1—2i—1bi+1ci 0 0 Z(l) al=2i(bc)!
2i +1 2i
150
1 _ 1
(0) al=0(bc)° 0 0 (0+1 al=0-1p0c 0+1}
0 at 0
: ; |
1 1-0—-150+1 .0 1\ 410 0
7(0+ l)a pO+1c0 0 (0) (bc) |
ra 0 O 0 0 c
0 a O 0 0 O
0 0 a 0 0 O
00 0 a 0 0|
0 0 O 0 a OJ
Lh 0 O 0 0 a
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By looking at Equation (1), p(1) is proved to be true.
b. Assume p(k) is true, that is:

k

[SN

- k-1
2 T
Z (k ) ak=2i(pc)i 0 - 0 qk-2i-1pigit1
£ \2i 21+1
i=0 i=0
k...
4k — 0 a‘ . 0 0 +
p(k)-An = : : - : : ,kETZ
0 0 - ak 0
k=1 k-1
2
q-2i=1pi+1 i kY k-2 i
Z 2;+1 bict 0 0 40(21')“ (be)
= =

For k odd positive integers. Will be proved that p(k + 2) is also true, that is:

r k+1 Laa
2 2
Z (k;—L 2) ak2i+2 (b 0 - 0 Z (;1-:-21) ql-2i+1pi pitl
i=0 i=0
rs 0 ak+z .. 0 0
plk+2):4,"7" = : P : (3)
0 0 - akt? 0
(251 251
2 2
k+2\ k—zit1pi+1.i Z k+ 2\ k—2iv20p i
Z(2i+1)a btlc 0 0 ‘ ( 9 )a (bc)
Li=0 i= 4
With the following proof:
Ank+2 — Ank _AnZ
P k-1 k=1 1
2 2
kY k—2ip i Z k k=2i-1pi ~i+1
Z (Zi) a (bc) 0 0 (Zi 4 1)a btc
i=0 i=0 a*+bc 0 - 0 2ac
0 ak 0 0 0 a’? - 0 0
0 0 - a* 0 l 0 0 a? 0 J
% % 2ab 0 0 a%+bc
k k=2i-1pi+1 .i Z kY k-2icp i
Z (21 + 1) a bt*tct 0 0 2, (Zi) a (bc)
Li=0 i=

The matrix multiplication result is divided into several forms, namely:

k-1
2

k

2
_ k—2i i\_ 2 . . . . /Z k k—2i—1pi i+1\|
1) ay \Z(Zi)a (bc)/ (@ +bc)+0-040-04-+0-0+0-0+ S )@k bl
i=

2

k-1
= (a% + bo) (Z(; (é‘l) akZi(bc)i> + 2ab <ZZ: 2i 4 1 ak- 2"1b"ci+1>.

- (2ab)

(=]
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T T
) ay, © (Z (é"’l) a“"(bc)") (2ac) +0-0+0-0++0-0+0-0+ (Z (,." )a“ilbic”l)

, 2. \2i+1
i=0 i=0
-(a? + bc)
k=1 k1
2 2
_ kY k—2icp i 2 Z k k—2i—1pi .i+1
2ac . (Zi) a®* 2t (bc)t | + (a? + bc) ' (Zi + 1)a b'c
i=0 i=0
k-1 k-1
z )
Z( K )akti1piic | (@2 4+ be) 4004004 +0-0+0-0+( Y (X)ak-2(ney
3) an £i\2i+1 £ \2i
i= i=
- (2ab)
k=1 k-1
p
— (2 k k—2i-1pi+1 i Z kY k-2icp i
= (a* + bc) Z (ZL' + 1) a b**ict | + 2ab ‘ (Zi) a (bc)
i=0 i=0
k-1 k-1
z z
=1 D00 ekt |- a0 +0-040-04 - 4+0-040-0+ | ) (1) akihe
4) apn £i\2i+1 £ \2i
- (a® + bc)
k=1 k-1
2 2
= 2ac Z (Zik+ 1) ak=2=1p*ct | + (a? + bc) Z (ZkL) ak=2¢(bc)t
i=0 i=0

5) a; withi=j=2,3,4,5,-,n—-1
The entries in Ank in rows i =2,3,---,n—1 (which are a* only in a;; with
i =j=234,5,-,n— 1otherwise they are 0) are multiplied by the entries in 4,,*
columns to j = 2,3,---,n — 1 (which is a? only in a;jwithi=j=23,45,---,n—1,
the rest is 0) then the result of multiplying the matrix entries will be a**2 only in
a;j withi =j = 2,3,4,5,---,n — 1, therestis 0. Here is the calculation:
a; =0-0+--+a*-a?+--40-0 =ak*?

On thet=th term

6) The other entries will be 0
For the result of multiplying 2 matrices other than the entries above will be 0
because one or both of the corresponding matrix entries are 0 so that if
multiplication is done it will be 0.
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So the result of the matrix multiplication above is obtained as follows:

1 1 ket 1 1
7 7 z z

(a? + bc) <Z (é‘Ju"’“(bc)’) + 2ub< , (Zi):- 1) a"’2"‘b‘c”‘> 0 0 2ac (Z; ak~ Z‘(bc)‘) +(a? + bc)< (Zl,:- 1) ak=2i-1pic! “)
i= = =

|
0 ak*2 .. 0 0 |
k-1

(v \ (< ) (< \
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= = = =
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2i41) / \ (i's1 / \ / \ (o / \ } \ 20) J
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i
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i
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i=0 i=0 i=0 =0
0

|
|
ak+z . 0 |
= H H 5 . : |
0 0 - akt? 0
k-1 k-1 k-1 k-1 k
Z (Ziljr l)ak—zxﬂbmci + Z (Ziljr 1) qk=2i-1piH2it1 4 Z (;) k=21 it i 0 - 0 2 z (Zil«(# 1) ak-2i(heyi+t | 4 (Z) ak-22(peyi 4 Z ak=2i(heyi+1
i=0 i=0 \1:0 / \i:o / i=0
k-1 =
2 2
) k+1 k+1 k+3]
(K53 k22 by + a2k + Datbe) T (K3 2)ak2mibicitt 4 e+ Dakier bz o |
=1 =1 |
0 a2 .. 0
0 0 - gk+? 0
k-1 [= I
2 2
k+3 k+1 k+:
Z (;121) QR L (£ 2)ak b4 b 22 0 e 0 Z (¢ z+1 2Yak-22(be)! + @k (ke + Da(be) s J|
it K1 1
2 2
K+ 2\ k-2i+20p i Z k+2Y k-aisrpiirl
Z;( 2i )” (be) 0 0 u(Zi+1)“ bl
= =
0 ak? .0 0 I
; 0L e 0
k1 ke |
3 3
k+2) k-aiv1pivagi z k+ 2\ k-2iv2(p i |
0(2L+1) btriet 0 0 o( 2i )a (be) |
= =

Based on Equation (3), it can be said that p(k + 2) is true, by looking at steps (1) and (2),
the proof for m odd positive integers is proven true. Furthermore, to prove A4, for m even
positive integers using the same steps. Through the steps of proof that have been carried out
systematically, Theorem 1 is proven correct.

2. Trace of the Positive Integer Powers (n — 1) —Tridiagonal Toeplitz Matrixn X n
Based on Theorem 1, the trace of the Positive Integer Powers (n — 1) — Tridiagonal
Toeplitz Matrix n X n is obtained as shown in Corollary 1.

Corollary 1. Given an (n — 1) —Tridiagonal Toeplitz Matrix n X n for n > 3 of the form:
a 0 0 - 0 0 ¢
0O a O« 0 0 O
0 0O a -~ 0 0O
A, =1+ ¢+ + =~ &+ i+ il Va,b,c#0,then

o
o
o
o
Q

o
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tr(4,™) = 5

( (< )
2
m . .
n—2)am™+2 z (2) a™ 2 (bc)t |, modd,m € Z*
(2o
m .
2

(n—2)am™+2 z a™ 2 (bc)* |, meven,m € Z*

i=0

Proof. Based on Theorem 1, we will prove the formula tr(4,,™) for m odd positive integers, as
follows:

m—1 m—1

2

tr(4,™ =<Z a™ 2 (bc)* +(am)+ -+ (@™) + - +(am)+<z a™ 2 (bc)
i=0

2

i=0 T
(n — 2) factors

m—1
2
m Y .

= (n—2)am+2 \Z () @y
i=0

Hence proved that tr(4,™) = (n—Z)am+2< 0( )am 2‘(bc)) for m odd positive

integers. The proof for tr(4,™) for m even positive integers is done in the same step. Corollary
1 is proved by direct proof as described above.

3. Simulation of the Positive Integer Powers (n — 1) — Tridiagonal Toeplitz Matrix
nxn
The following section will give some examples relevant to Theorem 1 and Corollary 1, then
the examples will be tested using Matlab application.

Example. Given a matrix as follows:

i 3 -
11 0 0 0 0 0 O 15
0 11 0 0 0 O o0 O
0 0 11 0 0 0 0 O
B=10 0 0 11 0 O 0 O
0 0 0 0 11 0 0 O
0 0 0 0 0 11 0 O
0 0 0 0 O 0 11 O
-20 0 0 O O O 0 11

a. Determine Bg?' of the matrix using Theorem 1.
b. Calculate the value of tT(Bglz) of the matrix using Corollary 1.
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In matrix Bwithn =8,a =11,b = —20,c = %, the following results are obtained for m

Solution.
a. The calculation is based on Theorem 1.
odd positive integers:
10
21 o i
Z (31 anz-2ic-4y 0 0 0
i=0
0 anx o 0
0 0 @aAn® o
521 _ 0 0 0 (nz
8 0 0 0 0
0 0 0 0
0 0 0 0
o 21 34
20-2i(_ i+1 2
2 GlhJanr et () o 0o
[78380767503363490000000 0 0 0
| 7400249944258160000000 0 0
| 0 0 7400249944258160000000 0
_ | 0 0 0 7400249944258160000000
=1 0 0 0
| 0 0 0
l617‘)2356541561000000000 g g g

0 0

0 0

0 0

0 0
anz o

0 (a2

0 0

0 0

0
0
0
0
2!

7400249944258160000000

0
0
0

10

21 20-2i(_ i(i)L
0 ZO(ZL'+1)(11) (=20) 15
0 0
0 0
0 0
0 0
0 0
an 0
10
21 21-2i7__gNi
0 > (G anses
i=0

cocococo

7400249944258160000000

oo

0
7400249944258160000000
0

—617923565415611000000

cococoo

]

|
o
S
0
b

]

—8380767505363490000000-

To see the correctness of the solution Bg??, the following solution is given using the

Matlab application in Figure 1.

coooo

6.175235654156104e+22

0 7.40024994425816e+21

11.0000 o 0 0 [} o
0 11.0000 0 0 [} o
[} 0 11.0000 0 [} o
0 o 0 11.0000 0 3}
[ 0 0 0 11.0000 4}
[ 0 0 0 0 11.0000
[ 0 0 0 [ o 11.000
20.0000 o [ [ [ '}
>> num2str (B 21}
ans =
-8.380767505363481e+21 o [}

[
0 7.40024994425816e+21

cocooo
cocooo

o
o
o
o
0
0
o)
o

[}
[
[

7.40024994425816e+21

[

[
[
[

coo

o

7.400249944258162+21

0 7.40024994425816e+2.
o

o

Figure 1. Solving Bg*! using Matlab Application

>>B=[110000003/15: 011000000; 001100000:000110000;000011000; 000001100; 000000110; -20 000000 11]

0 -6.175235654156105e+20
[
o
[}
[
o

7.40024592425816e+21
o 0 -8.380767505363482e+21

o
0
0
0
o
1
o

o ooooo

b. The calculation is done based on Corollary 1. The following results are obtained for m

even positive integers:

r(B;?) = (8 - 21D + 2 (T, (57) AV (-4)')
= (6)(3138428376721) + 2(—2114245277767)
= (18830570260326) + (—4228490555534)

= 14602079704792 .

To see the correctness of the solution of tr(Bglz), the following solution is given using

Matlab application in

Figure 2.
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Command Window [OB Comrmand History

>>»BF[110000003/15; 011000000; 001100000;000110000;000011000;000001100;000000110; -20000000 11]

E =
11.000 Q a 0
11.0000 0 0
0 11.0000 ]
0 11.0000
0 11.000

0
0
0
v)
a
a 11.000
0

0

000 o oooo

oo o oo
o o oo

0
0
-20.000 ]

>» trace (B"12)

ans =

1.4602e+13

Figure 2. Solving tr(Bglz) using Matlab Application

D. CONCLUSION
Based on the discussion that has been done, the conclusion of this research is given a
positive integer powers (n — 1) —tridiagonal toeplitz matrix n X n for n > 3 with the form:

a 0 0 - 0 0 «c
0O a 0 - 0 0 O
0 0 a - 0 0 O
A, =1: + + -~ i i Yab,c+0
0O 00 - a 0 O
0O 00 -« 0 a O
b 0 0 - 0 0 a

ithas two general forms of matrix powers: one for odd positive integer powers and one for even
positive integer powers, both of which have been proven using the method of mathematical
induction and can be seen in Theorem 1. Meanwhile, the general form of the trace of the matrix
of powers is obtained from the general form of the matrix of powers by summing the entries on
its main diagonal, based on the definition of the trace of a matrix. The resultis two general forms
of the trace for the (n — 1) —tridiagonal toeplitz matrix n X n : one for odd positive integer
powers and one for even positive integer powers, which can be seen in Corollary 1.
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