
   

 

1104 

JTAM (Jurnal Teori dan Aplikasi Matematika) 

http://journal.ummat.ac.id/index.php/jtam 
 

p-ISSN 2597-7512 | e-ISSN 2614-1175 
Vol. 10, No. 3, July 2026, pp. 1104-1133 

 

 

 

 

 

 
A Mathematical Model of Wasting–Stunting Dynamics with 

Age-Dependent Nutritional Recovery in Children under Five 
   

Nur Rahmi1*, Wahyuni Ekasasmita1, Muhammad Rifki Nisardi1, Ahmad Fajri1,  
Muhammad Fadhil Nurahmad1, Hartina Husain1, Ahmad Husain1,2  

1Department of Science, Institut Teknologi Bacharuddin Jusuf Habibie, Indonesia 
2Department of Production and Industrial Technology, Institut Teknologi Bacharuddin Jusuf Habibie, 

Indonesia 
nurrahmi@ith.ac.id 

 

  ABSTRACT 
Article History: 
Received   : 09-04-2026 
Revised     : 18-05-2026 
Accepted   : 23-05-2026 
Online        : 01-07-2026 
 

 Childhood wasting and stunting remain major public health challenges, yet their 
long-term interaction at the population level remains insufficiently understood. 
This study develops a deterministic compartmental model to investigate wasting–
stunting dynamics among children under five years of age in Indonesia by 
classifying the population into four nutritional states: well-nourished, moderately 
wasted, severely wasted, and stunted. An important feature of the model is the 
incorporation of age-dependent recovery weighting based on infant population 
proportion, allowing recovery rates to differ between infants and older children 
according to demographic composition. Model parameters are estimated using 
nonlinear least-squares calibration based on aggregated national prevalence data 
from Indonesia during 2013–2024. Concurrent wasting–stunting is incorporated 
implicitly within the stunting dynamics to maintain model parsimony. The analysis 
includes threshold, local stability, and normalized sensitivity analyses. The 
calibrated model produced a residual error of approximately 8.77 × 10−3 , 
indicating good agreement with observed prevalence data. Numerical simulations 
show declining and stabilizing behavior for severe wasting, whereas stunting 
remains persistent over time. Threshold analysis indicates that the condition ℛ𝑊 <
1  is associated with decay of wasting dynamics and convergence toward 
equilibrium. Sensitivity analysis indicates that deterioration and progression 
toward stunting dominate long-term dynamics, while infant-related recovery 
parameters exhibit relatively low sensitivity rankings. These findings suggest that 
reducing wasting alone may not substantially lower stunting prevalence and 
highlight the importance of integrated interventions targeting both acute and 
chronic undernutrition pathways. 
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A. INTRODUCTION  

Child malnutrition remains one of the most persistent global public health challenges, with 

profound long-term consequences for physical growth, cognitive development, educational 

attainment, and survival. According to recent global estimates, approximately 150.2 million 

children under five years of age were affected by stunting in 2024, reflecting the continuing 

burden of chronic undernutrition worldwide (UNICEF/WHO/World Bank Group, 2025). 

Stunting is associated with impaired linear growth, delayed neurocognitive development, 

weakened immune function, increased susceptibility to infectious diseases, and elevated long-

term health vulnerability (Harper et al., 2023; Indahsari et al., 2023; Masitoh et al., 2023; Murni 
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et al., 2023; Nomura et al., 2023; Wicaksono et al., 2021). Beyond its biological consequences, 

childhood undernutrition also contributes to substantial socioeconomic losses through 

reduced educational achievement, lower workforce productivity, and increased healthcare 

expenditures, thereby hindering sustainable national development (Meisel et al., 2018). 

Among the major forms of child undernutrition, wasting and stunting have traditionally 

been studied as distinct nutritional conditions representing acute and chronic manifestations 

of malnutrition, respectively. However, increasing empirical evidence suggests that these 

conditions are strongly interconnected rather than biologically independent. Several 

longitudinal and pooled analyses have demonstrated that children experiencing wasting face 

substantially higher risks of subsequent stunting, particularly during critical periods of early 

childhood growth (Jokhu & Syauqy, 2024; Mertens et al., 2023; Schoenbuchner et al., 2019). 

Recurrent or prolonged wasting episodes may impair linear growth through metabolic stress, 

micronutrient deficiencies, inflammatory responses, and repeated infections, thereby 

increasing vulnerability to chronic growth failure. Conversely, children affected by chronic 

stunting may also exhibit weakened physiological resilience, making them more susceptible to 

subsequent acute wasting episodes. These findings indicate that wasting and stunting should 

not be interpreted as isolated nutritional outcomes, but rather as interacting processes within 

a broader continuum of undernutrition. 

Despite the growing recognition of wasting–stunting interactions at the individual level, 

their long-term implications at the population level remain insufficiently understood. In 

particular, it is still unclear whether reducing wasting prevalence alone is sufficient to 

substantially reduce long-term stunting prevalence, or whether chronic undernutrition may 

persist even after acute malnutrition declines. This issue is highly relevant from a public health 

perspective because many nutritional intervention programs focus primarily on short-term 

wasting treatment without fully addressing the structural determinants of chronic growth 

failure. Consequently, understanding how wasting progression, recovery dynamics, and direct 

pathways toward stunting interact over time remains an important unresolved problem in 

child nutrition research. 

Child malnutrition itself is shaped by multiple interconnected determinants operating 

across biological, environmental, and socioeconomic dimensions (Aisyah et al., 2024; Hamid et 

al., 2024; K. M. Harper et al., 2018). Poor infant feeding practices, recurrent infections, 

inadequate sanitation, household food insecurity, maternal malnutrition, and limited 

healthcare access all contribute to both acute and chronic undernutrition (Bahagia Febriani et 

al., 2020; Fikri & Komalyna, 2023; Masitoh et al., 2023; Millward, 2017; Permatasari et al., 2024; 

Singh et al., 2014). In Indonesia and other low- and middle-income settings, disparities in 

maternal education, healthcare accessibility, and environmental sanitation further exacerbate 

child nutritional vulnerability (Aisyah et al., 2024; Damanik et al., 2025; Indahsari et al., 2023; 

Tello et al., 2022). These determinants interact through complex and nonlinear pathways, 

making long-term nutritional dynamics difficult to evaluate using conventional statistical 

approaches alone. 

Importantly, recovery from malnutrition is also known to vary substantially across age 

groups. Infants below one year of age generally exhibit greater physiological plasticity, faster 

growth responsiveness, and higher recovery potential following nutritional interventions 
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compared with older children, particularly during the critical first 1000 days of life (Mertens et 

al., 2023). Nutritional rehabilitation during infancy is therefore often more effective than 

interventions implemented at later ages, when chronic growth deficits become increasingly 

difficult to reverse. Nevertheless, age-dependent recovery mechanisms remain largely 

neglected in existing mathematical models of childhood undernutrition. Most available 

compartmental frameworks assume homogeneous recovery rates across all children under 

five, thereby overlooking demographic heterogeneity that may substantially influence long-

term nutritional trajectories. 

Mathematical modeling provides a powerful analytical framework for investigating such 

complex systems because it enables the representation of nonlinear interactions, competing 

nutritional pathways, and long-term temporal dynamics within a unified structure (Rahmi & 

Ekasasmita, 2024). Existing mathematical studies on malnutrition, however, remain limited in 

several important aspects. Many previous models adopt epidemiological SEIR-type 

formulations Avalos et al. (2021); Himmah et al. (2025); Winarni et al. (2024) implicitly treating 

malnutrition states analogously to infectious disease compartments rather than as progressive 

and partially reversible nutritional conditions. Moreover, most previous studies focus on a 

single form of malnutrition, either wasting or stunting, without explicitly modeling the 

interaction pathways linking acute and chronic undernutrition. Existing works also rarely 

integrate empirical calibration, threshold analysis, and sensitivity analysis simultaneously, 

limiting quantitative interpretation of the relative importance of competing nutritional 

mechanisms. 

Another important limitation concerns concurrent wasting–stunting. Although concurrent 

malnutrition is clinically important due to its elevated mortality risk (Mertens et al., 2023), 

longitudinal population-level data describing concurrent nutritional trajectories remain highly 

limited. Consequently, many previous studies either neglect concurrent conditions entirely or 

require highly complex model structures that are difficult to calibrate reliably using aggregated 

prevalence data. These limitations motivate the need for parsimonious yet biologically 

interpretable frameworks capable of integrating available epidemiological information without 

excessive model complexity. 

To address these gaps, this study develops a deterministic compartmental model describing 

childhood undernutrition dynamics through four interacting nutritional states: well-nourished, 

moderately wasted, severely wasted, and stunted. Unlike classical compartmental epidemic 

models, the proposed framework focuses specifically on undernutrition interactions rather 

than infectious disease transmission processes. The model incorporates both wasting-

mediated progression and direct pathways toward stunting, thereby enabling simultaneous 

representation of acute and chronic nutritional deterioration. 

The primary novelty of this study lies in the incorporation of age-dependent recovery 

dynamics through a time-varying demographic weighting mechanism based on the proportion 

of infants within the under-five population. In the proposed framework, recovery rates are not 

assumed homogeneous across all children. Instead, infants aged below one year are assumed 

to recover more rapidly than older children due to higher biological plasticity and stronger 

responsiveness to nutritional interventions. This mechanism enables the model to explicitly 

capture demographic heterogeneity in recovery behavior, thereby providing a more 
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biologically realistic representation of child undernutrition dynamics. To the best of our 

knowledge, relatively few previous mathematical models of wasting–stunting interactions have 

explicitly incorporated infant-sensitive recovery dynamics within a calibrated population-level 

framework. 

To maintain model identifiability and consistency with available national-level prevalence 

data, concurrent wasting–stunting is not introduced as a separate compartment. Instead, 

concurrent undernutrition is represented implicitly within the stunting dynamics as 

overlapping nutritional conditions. This approach preserves model parsimony while remaining 

consistent with the limitations of aggregated demographic and nutritional surveillance data. 

Model parameters are estimated using nonlinear least-squares calibration against observed 

prevalence data, while nondimensional analysis, threshold analysis, and local stability analysis 

are employed to investigate the qualitative behavior of the system. In addition, sensitivity 

analysis is performed to identify the dominant parameters governing long-term undernutrition 

dynamics and to evaluate the relative influence of deterioration and recovery pathways. 

By integrating mechanistic modeling, demographic heterogeneity, age-dependent recovery 

dynamics, empirical calibration, and sensitivity analysis within a unified framework, this study 

provides new insight into the persistence of chronic undernutrition and the relative 

contribution of wasting dynamics to long-term stunting prevalence. The findings are expected 

to support more integrated nutritional intervention strategies that simultaneously address 

acute wasting management and long-term stunting prevention. 

 

B. METHODS 

1. Research Framework 

This study applies a quantitative mathematical modeling approach to investigate the 

dynamics of wasting and stunting among children under five years of age in Indonesia. The 

research process began with problem identification and literature review, followed by 

formulation of model assumptions, development of the mathematical model, theoretical 

analysis, parameter calibration, sensitivity analysis, and numerical simulation. The overall 

research procedure is summarized in Figure 1.  
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Figure 1. Methodological prosedures 

 

2. Data Preprocessing 

The study employed aggregated national demographic and nutritional prevalence data in 

Indonesia during 2013–2024, including moderate wasting prevalence, severe wasting 

prevalence, stunting prevalence, under-five population, infant population, and live birth 

statistics (Badan Kebijakan Pembangunan Kesehatan (BKPK) Kementerian Kesehatan Republik 

Indonesia, 2024; Badan Penelitian dan Pengembangan Kesehatan, 2019; Kementerian 

Kesehatan Republik Indonesia, 2025a, 2025b, 2013, 2016, 2017, 2018, 2019, 2022, 2023, 2024).  

Prior to calibration and simulation, preprocessing procedures were performed to ensure 

temporal consistency and biological plausibility of the dataset. Missing demographic 

observations were reconstructed using linear interpolation to obtain continuous annual 

demographic trajectories within the simulation framework. In addition, the infant population 

data for 2023 exhibited an anomalously high value relative to neighboring years, producing an 

unrealistic demographic proportion. This outlier was corrected through interpolation using 

adjacent observations to preserve biologically realistic demographic patterns throughout the 

simulation period. 

 

3. Parameter Calibration 

Several parameter values were determined from literature and available national reports, 

whereas unknown parameters were estimated using nonlinear least-squares optimization by 

fitting the dimensional form of the model to observed prevalence data of moderate wasting, 

severe wasting, and stunting. The calibration procedure minimized discrepancies between 

simulated and observed prevalence trajectories while imposing biologically motivated 

constraints on progression pathways toward stunting. The optimization was implemented 

using MATLAB’s \texttt{lsqnonlin} function based on the Levenberg–Marquardt algorithm. 
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To incorporate demographic heterogeneity in recovery dynamics, recovery parameters 

were formulated using infant population weighting, allowing recovery rates to differ between 

infants and older children according to annual demographic composition. In addition, 

concurrent wasting–stunting prevalence was incorporated indirectly as a derived proportion 

of the stunting population to maintain model parsimony and consistency with available 

prevalence data. The dimensional form of the model was employed during calibration because 

it preserves the biological interpretation of transition and recovery rates while providing 

greater flexibility for fitting temporally varying prevalence data. The detailed calibration 

formulation and estimated parameter values are presented in the subsequent results section. 

 

4. Sensitivity Analysis and Numerical Simulation 

Sensitivity analysis was conducted to evaluate the relative influence of model parameters 

on long-term undernutrition dynamics and the wasting threshold. The analysis employed 

normalized forward sensitivity indices based on the standardized form of the model, allowing 

direct comparison of parameter influence within a dimensionless framework. Parameters 

associated with deterioration, progression, and recovery pathways were systematically 

perturbed to assess their relative contribution to system behavior. 

Numerical simulations were subsequently performed using the calibrated parameter set to 

investigate the temporal dynamics of moderate wasting, severe wasting, stunting, and 

concurrent wasting–stunting prevalence. The simulations were implemented in MATLAB using 

numerical ordinary differential equation solvers. In addition to model calibration analysis 

during the observation period, long-term projections were performed to evaluate the 

persistence and stabilization behavior of undernutrition dynamics up to the year 2050. 

 

C. MATHEMATICAL FRAMEWORK 

1. Model Assumptions 

a. Population Structure 

The under-five population is assumed to be homogeneous and well-mixed, without 

explicit spatial, socioeconomic, or behavioral stratification. This assumption is 

commonly adopted in compartmental modeling when only aggregated national-level 

data are available. The proposed framework focuses specifically on undernutrition 

interactions and therefore does not explicitly represent all possible nutritional 

categories within the population, such as overweight or obesity. Consequently, the 

modeled nutritional states should not be interpreted as a complete partition of the 

under-five population.  

b. Nutritional State Transitions 

Transitions between acute malnutrition states follow a progressive deterioration 

structure: 

𝐴 → 𝐵 → 𝐶, 
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representing the worsening of acute nutritional deficits from moderate to severe 

wasting. This assumption is supported by clinical and epidemiological evidence 

indicating that severe wasting generally develops progressively rather than 

instantaneously. Recovery is assumed to occur sequentially: 

 

𝐶 → 𝐵 → 𝐴, 

 

reflecting staged nutritional rehabilitation processes commonly observed in child 

nutrition interventions. 

c. Pathways to Stunting 

Stunting is assumed to arise through multiple pathways: 

 

𝐴 → 𝑆, 𝐵 → 𝑆, 𝐶 → 𝑆. 

 

This assumption reflects the multifactorial nature of chronic malnutrition. In addition to 

acute nutritional deficits, stunting may result from prolonged dietary inadequacy, 

recurrent infections, poor sanitation, environmental enteric dysfunction, and other 

long-term socioeconomic and environmental factors. 

The direct pathway 

𝐴 → 𝑆 

 

therefore represents chronic non-acute mechanisms contributing to impaired linear 

growth. 

d. Irreversibility of Stunting 

Individuals in the stunted compartment are assumed not to return to previous 

nutritional states: 

𝑆 ↛ 𝐴, 𝐵, 𝐶. 

 

Biologically, recovery from stunting is not strictly zero; however, it is highly limited and 

occurs with very low probability, particularly after the first 1000 days of life. Empirical 

studies indicate that while partial catch-up growth may be observed, it is generally 

insufficient to fully reverse established linear growth deficits at the population level (De 

Onis & Branca, 2016; Mertens et al., 2023). 

e. Age-Dependent Recovery 

The model distinguishes between infants (<1 year), and non-infants (≥1 year).  Infants 

are assumed to have higher recovery rates due to greater biological plasticity, higher 

responsiveness to nutritional interventions, critical growth windows in early life. This 

assumption is consistent with findings in child nutrition literature emphasizing the 

importance of early-life interventions (Mertens et al., 2023). 

f. Mortality and Exit Processes 

All compartments are assumed to experience identical mortality and exit rates (𝜇 + 𝛿). 

While mortality is known to differ by nutritional status, this simplification is adopted 

due to the lack of disaggregated mortality data and to maintain model tractability. 
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g. Data and Parameter Assumptions 

The model is calibrated using aggregated annual data, implying that: (i) individual-level 

variability is not explicitly represented, (ii) parameters are assumed constant over each 

simulation period, (iii) the system is deterministic and does not account for stochastic 

fluctuations.  

h. Representation of Interventions 

Nutritional interventions, such as supplementary feeding programs (PMT), are 

incorporated implicitly through recovery parameters.  Changes in these parameters 

represent improvements in intervention coverage, effectiveness, or access. 

 

2. Model Formulation 

We develop a deterministic compartmental model to describe the interaction between 

wasting and stunting dynamics among children under five years of age. The population is 

partitioned into four mutually exclusive nutritional states: 𝐴(𝑡) is number of well-nourished 

(normal) children, 𝐵(𝑡) is number of moderately wasted children, 𝐶(𝑡) is number of severely 

wasted children, and 𝑆(𝑡)  is number of stunted children. The stunting compartment 

𝑆(𝑡) represents the total proportion of children with impaired linear growth (height-for-age 

deficit), including those who simultaneously experience wasting. Thus, the model does not 

explicitly separate concurrent wasting–stunting cases; instead, these are implicitly included 

within the stunting compartment. The dynamics of the system are governed by: 

 
𝑑𝐴

𝑑𝑡
= 𝑞𝐴Λ − (𝛾𝐴𝐵 + 𝛾𝐴𝑆 + 𝜇 + 𝛿)𝐴 + 𝜙1

𝑒𝑓𝑓
𝐵, 

𝑑𝐵

𝑑𝑡
= 𝑞𝐵Λ + 𝛾𝐴𝐵𝐴 − (𝜙1

𝑒𝑓𝑓
+ 𝛾𝐵𝐶 + 𝛾𝐵𝑆 + 𝜇 + 𝛿)𝐵 + 𝜙2

𝑒𝑓𝑓
𝐶,                                                             (1) 

𝑑𝐶

𝑑𝑡
= 𝛾𝐵𝐶𝐵 − (𝜙2

𝑒𝑓𝑓
+ 𝛾𝐶𝑆 + 𝜇 + 𝛿)𝐶, 

𝑑𝑆

𝑑𝑡
= 𝛾𝐴𝑆𝐴 + 𝛾𝐵𝑆𝐵 + 𝛾𝐶𝑆𝐶 − (𝜇 + 𝛿)𝑆. 

 

Each equation in system (1) represents the balance between inflow and outflow processes 

within the nutritional states. The compartment 𝐴(𝑡)  increases through recruitment and 

recovery from moderate wasting, while decreasing due to progression toward wasting and 

stunting conditions. The compartment 𝐵(𝑡) acts as an intermediate acute malnutrition state, 

receiving individuals from nutritional deterioration and redistributing them through recovery, 

worsening nutritional status, and progression to stunting. The compartment 𝐶(𝑡) represents 

severe acute malnutrition, with transitions determined by worsening from moderate wasting 

and partial recovery processes. Meanwhile, the stunting compartment 𝑆(𝑡) represents chronic 

growth failure accumulated from all nutritional states and does not include an explicit recovery 

pathway, reflecting the long-term persistence of stunting conditions during early childhood.  
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To capture heterogeneity in recovery dynamics, the effective recovery rates are defined as: 

 

𝜙𝑖
𝑒𝑓𝑓

= 𝜃𝜙𝑖
inf + (1 − 𝜃)𝜙𝑖

non, 𝑖 = 1,2,                                        (2) 

𝜃 =
𝑁<1

𝑁
, 

 

where: 𝜙𝑖
𝑒𝑓𝑓

is effective recovery rate type-I; 𝑁<1 is the number of infants aged below 1 year (0–

11 months); 𝜙𝑖
inf is recovery rate type-i  for infants (<1 year); and 𝜙𝑖

non is recovery rate type-i 

for children aged ≥1 year. This formulation reflects empirical findings that younger children 

exhibit higher physiological plasticity and faster recovery from wasting due to improved 

responsiveness to nutritional interventions during early life. The following is the explanation 

of the symbols used in the formula, which is summarized in Table 1. 

 

Table 1. Description of symbols in the model 

Symbol Description Unit 

𝐴(𝑡) 
Number of children in the well-nourished (normal) nutritional state at 
time 𝑡 

individuals 

𝐵(𝑡) 
Number of children in the moderately wasted (moderate undernutrition) 
state at time 𝑡 

individuals 

𝐶(𝑡) 
Number of children in the severely wasted (severe undernutrition) state 
at time 𝑡 

individuals 

𝑆(𝑡) Number of children in the stunted (chronic malnutrition) state at time 𝑡 individuals 
𝑁(𝑡) Total number of children under five years old individuals 
𝑁<1 Number of infants aged below 1 year (0–11 months) individuals 

Λ Total number of live births entering the population per unit time 
Individuals. 

time−1 
𝑞𝐴 Proportion of newborns entering the well-nourished state dimensionless 

𝑞𝐵 
Proportion of newborns entering the wasting state (e.g., low birth 
weight) 

dimensionless 

𝛾𝐴𝐵 Transition rate from well-nourished (𝐴) to moderate wasting (𝐵) time−1 
𝛾𝐵𝐶  Transition rate from moderate wasting (𝐵) to severe wasting (𝐶) time−1 

𝛾𝐴𝑆 
Transition rate from well-nourished (𝐴) directly to stunting (𝑆) due to 
chronic factors 

time−1 

𝛾𝐵𝑆 Transition rate from moderate wasting (𝐵) to stunting (𝑆) time−1 
𝛾𝐶𝑆 Transition rate from severe wasting (𝐶) to stunting (𝑆) time−1 

𝜙1
𝑒𝑓𝑓

 Effective recovery rate from moderate wasting (𝐵) to well-nourished (𝐴) time−1 

𝜙2
𝑒𝑓𝑓

 Effective recovery rate from severe wasting (𝐶) to moderate wasting (𝐵) time−1 

𝜙𝑖
𝑖𝑛𝑓

 Recovery rate for infants (<1 year), representing high recovery potential time−1 

𝜙𝑖
non 

Recovery rate for children aged ≥1 year, representing lower recovery 
potential 

time−1 

𝜃 
Proportion of infants (<1 year) in the population, used as a weighting 
factor in recovery rates 

dimensionless 

𝜇 Natural mortality rate of children time−1 
𝛿 Exit rate due to aging out of the under-five population time−1 
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3. Nondimensionalization and Scaling 

 To simplify the analysis and reduce parameter redundancy, the model is transformed into a 

dimensionless form. This scaling procedure rescales both the state variables and time, allowing 

all transition parameters to be interpreted relative to a common baseline rate. Such an 

approach is widely used in dynamical systems modeling because it improves analytical 

tractability and facilitates comparisons across different populations and epidemiological 

settings. Since the model is calibrated using prevalence-based nutritional indicators, the state 

variables are represented in normalized form relative to the total under-five population. 

However, the modeled nutritional states do not constitute a complete partition of the 

population because stunting may overlap with wasting conditions, while other nutritional 

categories such as overweight or obesity are not explicitly incorporated into the framework. 

Define the normalized variables: 

 

𝑎 =
𝐴

𝑁
, 𝑏 =

𝐵

𝑁
, 𝑐 =

𝐶

𝑁
, 𝑠 =

𝑆

𝑁
, 

 

where 𝑁 denotes the total under-five population. Under this formulation, 𝑎(𝑡), 𝑏(𝑡), 𝑐(𝑡), and 

𝑠(𝑡) represent normalized prevalence-type nutritional indicators rather than mutually 

exclusive population fractions. Consequently, the total quantity 

 

𝑎(𝑡) + 𝑏(𝑡) + 𝑐(𝑡) + 𝑠(𝑡) 

 

is not required to equal unity, since overlapping nutritional conditions may occur within the 

modeled population. In addition, the proposed framework focuses specifically on 

undernutrition interactions and does not explicitly include all nutritional categories, 

particularly overweight and obesity. Therefore, the modeled variables do not represent an 

exhaustive partition of the under-five population. 

To eliminate dimensional dependence on time, we introduce the dimensionless timescale: 

 

𝜏 = (𝜇 + 𝛿)𝑡. 

Applying the chain rule gives: 
𝑑

𝑑𝑡
= (𝜇 + 𝛿)

𝑑

𝑑𝜏
. 

 

This scaling normalizes all transition rates relative to the baseline removal rate (𝜇+𝛿). Define 

the following dimensionless parameters: 

 

𝛽1 =
𝛾𝐴𝐵

𝜇 + 𝛿
, 𝛽2 =

𝛾𝐵𝐶

𝜇 + 𝛿
, 

𝜂1 =
𝛾𝐴𝑆

𝜇 + 𝛿
, 𝜂2 =

𝛾𝐵𝑆

𝜇 + 𝛿
, 𝜂3 =

𝛾𝐶𝑆

𝜇 + 𝛿
, 

𝜌1 =
𝜙1

𝑒𝑓𝑓

𝜇 + 𝛿
, 𝜌2 =

𝜙2
𝑒𝑓𝑓

𝜇 + 𝛿
. 
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Substituting these transformations into the original system yields: 

 
𝑑𝑎

𝑑𝜏
= 𝑞𝐴Λ̃ − (𝛽1 + 𝜂1 + 1)𝑎 + 𝜌1𝑏, 

𝑑𝑏

𝑑𝜏
= 𝑞𝐵Λ̃ + 𝛽1𝑎 − (𝜌1 + 𝛽2 + 𝜂2 + 1)𝑏 + 𝜌2𝑐                                                                                      (3) 

𝑑𝑐

𝑑𝜏
= 𝛽2𝑏 − (𝜌2 + 𝜂3 + 1)𝑐, 

𝑑𝑠

𝑑𝜏
= 𝜂1𝑎 + 𝜂2𝑏 + 𝜂3𝑐 − 𝑠, 

 

where Λ̃ =
Λ

𝑁(𝜇+𝛿)
 denotes the dimensionless recruitment rate. System (3) therefore represents 

the standardized dimensionless model in which: 

i. all transition parameters are expressed relative to the baseline removal rate (𝜇+𝛿),  

ii. the constant term “1” corresponds to the normalized effect of mortality and aging,  

iii. the system becomes independent of absolute population scale,  

iv. the state variables represent normalized prevalence-type nutritional indicators rather 

than mutually exclusive population fractions.  

 

For example, 𝛽1 + 𝜂1 + 1 represents the total normalized rate at which individuals leave the 𝑎-

class due to progression toward wasting, transition to stunting, and removal through mortality 

and aging processes. 

 

4. Positivity and Boundedness of Solutions 

In this section, we establish the fundamental qualitative properties of the system (3), 

including positivity, boundedness, and well-posedness. These properties ensure that the model 

remains biologically meaningful and mathematically consistent. 

 

Lemma 1 (Positivity of Solutions) 

Assume that all parameters 𝑞𝐴, 𝑞𝐵, 𝛽1, 𝛽2, 𝜂1, 𝜂2, 𝜂3, 𝜌1, 𝜌2  are nonnegative and the initial 

condition satisfies 𝑎(0), 𝑏(0), 𝑐(0), 𝑠(0) ≥ 0. Then, for all 𝜏 ≥ 0, 𝑎(𝜏), 𝑏(𝜏), 𝑐(𝜏), 𝑠(𝜏) ≥ 0. 

Proof. 

Let 𝑥(𝜏) = (𝑎, 𝑏, 𝑐, 𝑠)⊤ ∈ ℝ≥0
4 . The system (3) can be written as 𝑥̇ = 𝐹(𝑥),  where 𝐹  is 

continuously differentiable and affine in 𝑥 , hence locally Lipschitz. By the Picard–Lindelöf 

theorem, a unique solution exists. To prove positivity, we evaluate the vector field on the 

boundary: 

For 𝑎 = 0:  
𝑑𝑎

𝑑𝜏
= 𝑞𝐴 + 𝜌1𝑏 ≥ 0. 

For 𝑏 = 0:  
𝑑𝑏

𝑑𝜏
= 𝑞𝐵 + 𝛽1𝑎 + 𝜌2𝑐 ≥ 0. 

For 𝑐 = 0:  
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𝑑𝑐

𝑑𝜏
= 𝛽2𝑏 ≥ 0. 

For 𝑠 = 0:  
𝑑𝑠

𝑑𝜏
= 𝜂1𝑎 + 𝜂2𝑏 + 𝜂3𝑐 ≥ 0. 

 

Thus, trajectories cannot leave the nonnegative orthant. Therefore, 

 

𝑎(𝜏), 𝑏(𝜏), 𝑐(𝜏), 𝑠(𝜏) ≥ 0, ∀𝜏 ≥ 0.   □                                               (4)  

 

This result guarantees that all state variables, interpreted as population proportions, remain 

nonnegative over time, ensuring biological feasibility. 

 

Lemma 2 (Invariant Region and Boundedness) 

Consider the nonnegative region Ω = {(𝑎, 𝑏, 𝑐, 𝑠) ∈ ℝ≥0
4 : 𝑎 + 𝑏 + 𝑐 + 𝑠 ≤ 𝑀}, for some positive 

constant 𝑀 > 0. Then, the region Ωis positively invariant under system (3). 

Proof 

Let 𝑇(𝜏) = 𝑎(𝜏) + 𝑏(𝜏) + 𝑐(𝜏) + 𝑠(𝜏). Summing all equations in system (3) yields 

 
𝑑𝑇

𝑑𝜏
= 𝑞𝐴 + 𝑞𝐵 − 𝑇. 

 

Since 𝑞𝐴 + 𝑞𝐵 = 1, we obtain 
𝑑𝑇

𝑑𝜏
= 1 − 𝑇. 

The corresponding solution is  

 

𝑇(𝜏) = 1 + (𝑇(0) − 1)𝑒−𝜏. 

 

Hence, lim 
𝜏→∞

𝑇(𝜏) = 1. Moreover, if 𝑇(0) ≤ 𝑀, then 

 

𝑇(𝜏) ≤ max {𝑇(0),1} ≤ 𝑀, ∀𝜏 ≥ 0. 

 

Therefore, trajectories remain inside the region Ω, implying that Ω is positively invariant. □ 

 

Lemma 3 (Global Boundedness) 

All solutions of system (3) remain nonnegative and bounded for all 𝜏 ≥ 0. 

Proof 

From Lemma 1,𝑎(𝜏), 𝑏(𝜏), 𝑐(𝜏), 𝑠(𝜏) ≥ 0, ∀𝜏 ≥ 0. Furthermore, Lemma 2 implies that 𝑇(𝜏) =

𝑎(𝜏) + 𝑏(𝜏) + 𝑐(𝜏) + 𝑠(𝜏) remains bounded for all time. Since each variable is nonnegative, we 

obtain0 ≤ 𝑎(𝜏), 𝑏(𝜏), 𝑐(𝜏), 𝑠(𝜏) ≤ 𝑇(𝜏), ∀𝜏 ≥ 0. Because 𝑇(𝜏)is bounded, each state variable is 

also bounded. Therefore, all solutions remain inside a compact positively invariant region 

ofℝ≥0
4 . □ 
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This result guarantees that the proposed model remains mathematically well-posed and 

biologically feasible over time. In particular, the state variables cannot become negative or 

diverge to unbounded values, ensuring that the long-term dynamics remain epidemiologically 

meaningful and suitable for equilibrium and stability analysis. 

 

5. Model’s Steady State 

A steady state (equilibrium point) of system (3) is defined as a constant vector 𝐸∗ =

(𝑎∗, 𝑏∗, 𝑐∗, 𝑠∗),  for which all state variables remain constant over time. The equilibrium is 

obtained by setting 
𝑑𝑎

𝑑𝜏
=

𝑑𝑏

𝑑𝜏
=

𝑑𝑐

𝑑𝜏
=

𝑑𝑠

𝑑𝜏
= 0, thereby transforming the dynamical system into a 

set of algebraic balance equations. Any biologically admissible equilibrium must 

satisfy𝑎∗, 𝑏∗, 𝑐∗, 𝑠∗ ≥ 0. To simplify the equilibrium analysis, define the following composite 

parameters: 

 

𝑘𝐴 = 𝛽1 + 𝜂1 + 1, 

𝑘𝐵 = 𝜌1 + 𝛽2 + 𝜂2 + 1,                                                                                                                                    (7) 

𝑘𝐶 = 𝜌2 + 𝜂3 + 1 

 

Substituting the equilibrium conditions (7) into system (3) yields 

 

𝑞𝐴 − 𝑘𝐴𝑎∗ + 𝜌1𝑏∗ = 0, 

𝑞𝐵 + 𝛽1𝑎∗ − 𝑘𝐵𝑏∗ + 𝜌2𝑐∗ = 0,                                                                                                                      (8) 

𝛽2𝑏∗ − 𝑘𝐶𝑐∗ = 0, 

𝜂1𝑎∗ + 𝜂2𝑏∗ + 𝜂3𝑐∗ − 𝑠∗ = 0 

 

From the third equation of (8), the equilibrium value of 𝑐∗can be expressed in terms of 𝑏∗as 

 

𝑐∗ =
𝛽2

𝑘𝐶
𝑏∗.                                                                   (9) 

 

Substituting (9) into the second equation of (8) gives 

 

𝑞𝐵 + 𝛽1𝑎∗ − (𝑘𝐵−
𝜌2𝛽2

𝑘𝐶
) 𝑏∗ = 0.                                                   (10) 

 

Define the effective parameter 

 

𝑘̃𝐵 = 𝑘𝐵 −
𝜌2𝛽2

𝑘𝐶
.                                                           (11) 

Hence, 

𝑏∗ =
𝑞𝐵 + 𝛽1𝑎∗

𝑘̃𝐵

.                                                           (12) 

 

Substituting (12) into the first equation of (8) yields 
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𝑞𝐴 − 𝑘𝐴𝑎∗ + 𝜌1

𝑞𝐵 + 𝛽1𝑎∗

𝑘̃𝐵

= 0. 

 

Rearranging terms, we obtain 

 

𝑎∗ =

𝑞𝐴 +
𝜌1

𝑘̃𝐵

𝑞𝐵

𝑘𝐴 −
𝜌1𝛽1

𝑘̃𝐵

.                                                     (13) 

 

Using equations (9), (12), and (13), all equilibrium components can be written recursively as 

 

𝑎∗ =

𝑞𝐴 +
𝜌1

𝑘̃𝐵

𝑞𝐵

𝑘𝐴 −
𝜌1𝛽1

𝑘̃𝐵

, 

𝑏∗ =
𝑞𝐵 + 𝛽1𝑎∗

𝑘̃𝐵

,                                                                   (14) 

𝑐∗ =
𝛽2

𝑘𝐶
𝑏∗, 

𝑠∗ = 𝜂1𝑎∗ + 𝜂2𝑏∗ + 𝜂3𝑐∗. 

 

The equilibrium solution remains biologically admissible provided that 𝑘𝐶 > 0,  𝑘̃𝐵 > 0, 

and 𝑘𝐴 −
𝜌1𝛽1

𝑘̃𝐵
> 0.  These conditions ensure that all denominators remain positive and the 

equilibrium is well-defined and nonnegative. The equilibrium analysis demonstrates that the 

long-term nutritional dynamics are governed by a cascade of deterioration and recovery 

processes originating from wasting progression pathways. The recursive structure of the 

equilibrium solution also provides a biologically interpretable representation of how 

deterioration rates, recovery mechanisms, and progression toward stunting collectively 

determine the long-term undernutrition burden within the population. 

 

6. Threshold Analysis of Wasting Dynamics 

To characterize the persistence or decay of wasting dynamics, we derive a threshold 

quantity analogous to the basic reproduction number in epidemiological models. We focus on 

the subsystem governing moderate and severe wasting: 

 
𝑑𝑏

𝑑𝜏
= 𝛽1𝑎 − 𝑘𝐵𝑏 + 𝜌2𝑐,

𝑑𝑐

𝑑𝜏
= 𝛽2𝑏 − 𝑘𝐶𝑐,

                                                                (15) 

 

To analyze the initial wasting dynamics, we linearize the subsystem around a low-wasting 

regime where(𝑏, 𝑐) ≈ (0,0), while the normalized prevalence variable 𝑎remains approximately 

constant. The linearized system becomes 
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(𝑏̇
𝑐̇

) = (
−𝑘𝐵 𝜌2

𝛽2 −𝑘𝐶
) (

𝑏
𝑐

) + (
𝛽1𝑎

0
) . 

 

Using a matrix decomposition approach analogous to the next-generation framework, define 

 

𝐹 = (
𝛽1 0
0 0

) , 𝑉 = (
𝑘𝐵 −𝜌2

−𝛽2 𝑘𝐶
) . 

 

The threshold quantity is defined as ℛ𝑊 = 𝜌(𝐹𝑉−1), where 𝜌(⋅)denotes the spectral radius. 

Straightforward computation yields 

ℛ𝑊 =
𝛽1𝑘𝐶

𝑘𝐵𝑘𝐶 − 𝜌2𝛽2
.                                                  (16) 

 

The threshold quantity ℛ𝑊 characterizes the relative balance between deterioration into 

wasting states and the combined recovery/removal mechanisms within the wasting subsystem. 

Specifically, the numerator 𝛽1𝑘𝐶  captures the effective deterioration pressure toward wasting, 

while the denominator 𝑘𝐵𝑘𝐶 − 𝜌2𝛽2 represents the combined stabilization effect generated by 

recovery, removal, and internal feedback between moderate and severe wasting compartments. 

Consequently, if ℛ𝑊 < 1,  recovery and removal mechanisms dominate, causing wasting 

dynamics to decay over time; whereas ℛ𝑊 > 1 

indicates that deterioration mechanisms dominate, allowing wasting dynamics to persist 

within the population. 

 

7. Local Stability Analysis 

Theorem 1 

Let 𝐸∗ = (𝑎∗, 𝑏∗, 𝑐∗, 𝑠∗)  be a biologically feasible equilibrium point of system (3). Under 

biologically admissible positive parameters, the equilibrium 𝐸∗ is locally asymptotically stable 

when ℛ𝑊 < 1. 

Proof 

The local stability of 𝐸∗ is determined by the eigenvalues of the Jacobian matrix associated 

with the wasting subsystem: 

𝐽𝐴𝐵𝐶 = (

−𝑘𝐴 𝜌1 0
𝛽1 −𝑘𝐵 𝜌2

0 𝛽2 −𝑘𝐶

) , 

 

The characteristic polynomial of  𝐽𝐴𝐵𝐶  is 

 

𝜆3 + 𝑎1𝜆2 + 𝑎2𝜆 + 𝑎3 = 0,                                              (17) 

where 

𝑎1 = 𝑘𝐴 + 𝑘𝐵 + 𝑘𝐶 ,                                             

𝑎2 = 𝑘𝐴𝑘𝐵 + 𝑘𝐴𝑘𝐶 + 𝑘𝐵𝑘𝐶 − 𝜌1𝛽1 − 𝜌2𝛽2,                                                                                             (18) 

𝑎3 = 𝑘𝐴(𝑘𝐵𝑘𝐶 − 𝜌2𝛽2) − 𝜌1𝛽1𝑘𝐶 . 
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According to the Routh–Hurwitz criterion, the equilibrium point is locally asymptotically 

stable if 

𝑎1 > 0, 𝑎2 > 0, 𝑎3 > 0, 𝑎1𝑎2 > 𝑎3.                              (19) 

 

Since all parameters are assumed positive, we immediately obtain 𝑎1 > 0.  From the definition 

of the threshold quantity in equation (16), when  ℛ𝑊 < 1 implies 

 

𝛽1𝑘𝐶 < 𝑘𝐵𝑘𝐶 − 𝜌2𝛽2. 

Rearranging yields 

𝑘𝐵𝑘𝐶 > 𝜌2𝛽2 + 𝛽1𝑘𝐶 > 𝜌2𝛽2.                                                   (20) 

Consequently, 

𝑘𝐵𝑘𝐶 − 𝜌2𝛽2 > 0.                                                                    (21) 

 

Biologically, this condition implies that the combined recovery and removal mechanisms 

within the wasting subsystem dominate the internal deterioration feedback between moderate 

and severe wasting states. Therefore, wasting amplification remains controlled rather than self-

reinforcing. Using inequality (20), we examine the coefficient 

 

𝑎2 = 𝑘𝐴𝑘𝐵 + 𝑘𝐴𝑘𝐶 + 𝑘𝐵𝑘𝐶 − 𝜌1𝛽1 − 𝜌2𝛽2. 

 

since 𝑘𝐵𝑘𝐶 > 𝜌2𝛽2, we obtain 

 

𝑎2 > 𝑘𝐴𝑘𝐵 + 𝑘𝐴𝑘𝐶 − 𝜌1𝛽1. 

Because 

𝑘𝐴 = 𝛽1 + 𝜂1 + 1, 𝑘𝐵 = 𝜌1 + 𝛽2 + 𝜂2 + 1, 

 

all remaining terms in the expansion of 𝑘𝐴𝑘𝐵  are positive, implying 

 

𝑘𝐴𝑘𝐵 > 𝜌1𝛽1.                                                                      (22) 

Hence, 𝑎2 > 0.  

Similarly, for 

𝑎3 = 𝑘𝐴(𝑘𝐵𝑘𝐶 − 𝜌2𝛽2) − 𝜌1𝛽1𝑘𝐶 . 

 

Since  𝛽1𝑘𝐶 < 𝑘𝐵𝑘𝐶 − 𝜌2𝛽2 (inequality (20)), we obtain 

 

𝜌1𝛽1𝑘𝐶 < 𝜌1(𝑘𝐵𝑘𝐶 − 𝜌2𝛽2). 

Therefore, 

𝑎3 > (𝑘𝐴 − 𝜌1)(𝑘𝐵𝑘𝐶 − 𝜌2𝛽2). 

 

Since all parameters are positive and 

 

𝑘𝐵𝑘𝐶 − 𝜌2𝛽2 > 0,                                                          (23)  

it follows that 
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𝑎3 > 0. 

Now, we compute 

𝑎1𝑎2 − 𝑎3. 

 

Substituting the expressions for 𝑎1, 𝑎2, 𝑎3 in equation (18) yields 

 

𝑎1𝑎2 − 𝑎3 = (𝑘𝐴 + 𝑘𝐵 + 𝑘𝐶)(𝑘𝐴𝑘𝐵 + 𝑘𝐴𝑘𝐶 + 𝑘𝐵𝑘𝐶 − 𝜌1𝛽1 − 𝜌2𝛽2)

−[𝑘𝐴(𝑘𝐵𝑘𝐶 − 𝜌2𝛽2) − 𝜌1𝛽1𝑘𝐶].
 

 

Expanding and rearranging terms gives 

 

𝑎1𝑎2 − 𝑎3 = 𝑘𝐴
2𝑘𝐵 + 𝑘𝐴

2𝑘𝐶 + 𝑘𝐴𝑘𝐵
2 + 𝑘𝐴𝑘𝐶

2 + 𝑘𝐵
2𝑘𝐶 + 𝑘𝐵𝑘𝐶

2

+2𝑘𝐴𝑘𝐵𝑘𝐶 − 𝑘𝐴𝜌1𝛽1 − 𝑘𝐵𝜌1𝛽1

−𝑘𝐴𝜌2𝛽2 − 𝑘𝐶𝜌2𝛽2 + 𝜌1𝛽1𝑘𝐶 .

                    (24) 

 

All cubic and quadratic terms involving 𝑘𝐴, 𝑘𝐵, 𝑘𝐶  are strictly positive. Moreover, from condition 

𝑘𝐵𝑘𝐶 > 𝜌2𝛽2 (𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (23)),  together with 𝛽1𝑘𝐶 < 𝑘𝐵𝑘𝐶 − 𝜌2𝛽2 (𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 20), 

the negative terms remain dominated by the positive stabilizing contributions associated with 

the recovery and removal structure. Since all parameters are positive and the stabilizing terms 

dominate the deterioration feedback terms, it follows that 

 

𝑎1𝑎2 − 𝑎3 > 0.                                                      (25 ) 

 

Therefore, all Routh–Hurwitz conditions are satisfied: 

 

𝑎1 > 0, 𝑎2 > 0, 𝑎3 > 0, 𝑎1𝑎2 > 𝑎3. 

 

Consequently, all eigenvalues of the Jacobian matrix possess negative real parts, implying that 

the equilibrium point 𝐸∗  is locally asymptotically stable whenever ℛ𝑊 < 1.  The threshold 

quantity ℛ𝑊 therefore serves as a key indicator governing both wasting persistence and local 

stability behavior of the system. In particular: 

i. ℛ𝑊 < 1 implies decay of wasting dynamics and convergence toward equilibrium,  

ii. whereas ℛ𝑊 > 1  indicates persistence of wasting and the potential emergence of a 

higher endemic undernutrition equilibrium.  

 

From a biological perspective, the condition ℛ𝑊 < 1  may be achieved by: (i) increasing 

recovery rates (𝜌1, 𝜌2), (ii) reducing deterioration rates (𝛽1, 𝛽2), and (iii) lowering progression 

toward stunting (𝜂1, 𝜂2, 𝜂3).  These findings support integrated nutritional interventions 

emphasizing early wasting prevention, recovery improvement, maternal nutrition 

enhancement, sanitation, infection prevention, and long-term child nutritional monitoring. 
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D. RESULT AND DISCUSSION 

1. Calibration and Estimation Parameters 

The model parameters were estimated by fitting the dimensional form of the system to 

observed prevalence data of moderate wasting, severe wasting, and stunting. The calibration 

was performed using a nonlinear least squares approach. Let 𝑌data(𝑡) =

(𝑏data(𝑡), 𝑐data(𝑡), 𝑠data(𝑡))   denote the observed data, and 𝑌model(𝑡; 𝜃) the corresponding model 

outputs. The parameter vector 𝜃 was estimated by minimizing the objective function: 

 

min 
𝜃

∑[(𝑏(𝑡) − 𝑏data(𝑡))2 + (𝑐(𝑡) − 𝑐data(𝑡))2 + (𝑠(𝑡) − 𝑠data(𝑡))2]

𝑡

,                               (26) 

 

augmented with a penalty term to enforce biologically consistent ordering of transition rates: 

 

𝜂1 ≤ 𝜂2 ≤ 𝜂3.                                                                    (27) 

 

The optimization was implemented using the Levenberg–Marquardt algorithm via 

MATLAB’s lsqnonlin function. To incorporate age-dependent recovery, the recovery 

parameters were modeled as convex combinations weighted by the proportion of infants. 

Additionally, the concurrent wasting–stunting prevalence was incorporated indirectly as a 

derived quantity: 

 

𝐷(𝑡) = 𝜅𝑆(𝑡),                                                               (28)  

 

where 𝜅 is determined from baseline data (2013). 

The calibration procedure utilized aggregated demographic and nutritional prevalence data 

collected from national reports in Indonesia during 2013–2024. Data for 2020–2021 were not 

included in the calibration process because nutritional surveillance and reporting activities 

during the COVID-19 pandemic period were substantially disrupted, potentially affecting data 

consistency and comparability across years. The dataset includes under-five population size, 

infant population, live birth statistics, and prevalence indicators for wasting, severe wasting, 

and stunting. These variables were used to construct demographic trajectories and prevalence 

targets for the calibration process. Prior to parameter estimation, preprocessing procedures 

were performed to ensure temporal consistency and biological plausibility of the dataset, 

including interpolation-based reconstruction of incomplete demographic observations and 

correction of anomalous infant population data. The integrated demographic and prevalence 

data used for model calibration are summarized in Table 2. 

 

Table 2. Integrated Demographic and Prevalence Data used for Calibration 

Year 
Under-Five 
Population 

Infants (0 
yr) 

Live 
Births 

LBW Wasting 
Severe 

Wasting 
Stunting 

2013 23,700,676 4,396,537 4,735,692 0.102 0.068 0.053 0.376 
2016 23,960,110 4,770,444 4,867,813 NA 0.0887 0.0368 0.1463 
2017 23,848,283 4,764,638 4,840,511 NA 0.067 0.028 0.296 
2018 23,729,583 4,720,024 4,810,130 0.040 0.067 0.035 0.308 
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Year 
Under-Five 
Population 

Infants (0 
yr) 

Live 
Births 

LBW Wasting 
Severe 

Wasting 
Stunting 

2022 21,856,192 4,373,429 4,452,717 0.033 0.067 0.010 0.216 
2023 22,511,838 4,495,989* 4,030,995 0.039 0.077 0.008 0.215 
2024 22,638,079 4,618,549 4,591,129 0.037    
*The original infant population value reported for 2023 was excluded from the analysis because it 

exhibited substantial inconsistency relative to the surrounding demographic observations. Therefore, 

the 2023 infant population was approximated using linear interpolation between the 2022 and 2024 

demographic values to maintain temporal consistency in the age-dependent recovery calculations 

 

Using the demographic and prevalence data summarized in Table 2, the nonlinear least-

squares optimization procedure was performed to estimate the unknown transition and 

recovery parameters of the model. The calibration process produced a final residual value of 

0.00877, indicating good agreement between simulated trajectories and observed prevalence 

data. The resulting parameter set used in subsequent simulations and analyses is summarized 

in Table 3. Table 3 shows that the deterioration rate from the well-nourished state toward 

moderate wasting, 𝛽1, remains relatively small, whereas the progression rate from moderate 

wasting to severe wasting, 𝛽2 , is substantially larger. This indicates that acute malnutrition 

generally develops gradually under stable population conditions, but nutritional deterioration 

may accelerate considerably once moderate wasting occurs. 

 

Table 3. Parameter Values used for Calibration and Simulation. 

Symbol Value Unit Method Source 

𝛽1 0.0113 year−1 
Estimated by least-squares 

calibration 
Indonesian prevalence data 

(2013–2024) 

𝛽2 0.1273 year−1 
Estimated by least-squares 

calibration 
Indonesian prevalence data 

(2013–2024) 

𝜂1 0.0035 year−1 
Estimated by least-squares 

calibration 
Indonesian prevalence data 

(2013–2024) 

𝜂2 0.3433 year−1 
Estimated by least-squares 

calibration 
Indonesian prevalence data 

(2013–2024) 

𝜂3 0.3434 year−1 
Estimated by least-squares 

calibration 
Indonesian prevalence data 

(2013–2024) 

𝜌1
inf 0.4851 year−1 

Estimated by least-squares 
calibration 

Indonesian prevalence data 
(2013–2024) 

𝜌1
non 0.4381 year−1 

Estimated by least-squares 
calibration 

Indonesian prevalence data 
(2013–2024) 

𝜌2
inf 0.0877 year−1 

Estimated by least-squares 
calibration 

Indonesian prevalence data 
(2013–2024) 

𝜌2
non 0.0373 year−1 

Estimated by least-squares 
calibration 

Indonesian prevalence data 
(2013–2024) 

𝑞𝐴 0.96 – Assumed/fixed 
Baseline normalization 

assumption 

𝑞𝐵 0.04 – Assumed/fixed 
Based on baseline wasting 

prevalence 

𝜃(𝑡) 
Time-

dependent 
– 

Computed from demographic 
data 

Indonesian demographic 
statistics 

 



 Nur Rahmi, A Mathematical Model of Wasting...    1123 

 

 

The estimated direct transition rate from the well-nourished state toward stunting, 𝜂1, is 

comparatively low, suggesting that chronic growth failure among non-wasted children 

develops slowly through cumulative long-term mechanisms such as recurrent infection, poor 

dietary quality, maternal malnutrition, and socioeconomic deprivation. In contrast, the 

progression rates from moderate and severe wasting toward stunting, 𝜂2and 𝜂3, are relatively 

large and nearly identical, indicating that wasting substantially increases the risk of chronic 

growth impairment regardless of severity level. This finding supports the hypothesis that 

wasting and stunting are strongly interconnected forms of undernutrition. 

The estimated recovery parameters further indicate that the recovery rates from moderate 

wasting for infants and older children, 𝜌1
inf and 𝜌1

non, are relatively high, with infants recovering 

faster than older children. This supports the biological assumption underlying the proposed 

age-dependent recovery mechanism. However, the recovery rates from severe wasting, 𝜌2
inf 

and 𝜌2
non , remain substantially lower for both age groups, suggesting that severe acute 

malnutrition is considerably more difficult to reverse through nutritional rehabilitation alone. 

These results imply that preventing progression toward severe wasting may be substantially 

more effective than relying solely on treatment after severe deterioration has occurred. 

Figure 2 presents the calibration results of the dimensional wasting–stunting model against 

observed prevalence data during 2013–2024. Overall, the simulated trajectories reproduce the 

dominant long-term dynamics of moderate wasting, severe wasting, and stunting with 

satisfactory agreement between numerical simulations and empirical observations. Moderate 

wasting exhibits relatively persistent behavior with gradual stabilization, whereas severe 

wasting shows a more pronounced decline over time. In contrast, stunting decreases more 

slowly and remains persistent throughout the observation period, reflecting the cumulative 

and multifactorial nature of chronic undernutrition dynamics. 

The smoother simulated trajectories relative to empirical observations are expected 

because the proposed framework is deterministic and does not explicitly incorporate 

temporary disturbances such as seasonal food insecurity, infectious disease outbreaks, 

economic shocks, or variations in intervention coverage. Overall, the calibration results 

demonstrate that the proposed model provides a biologically plausible representation of both 

acute and chronic undernutrition dynamics while maintaining good consistency with observed 

prevalence data. 
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Figure 2. Calibration results of wasting-stunting dynamics model (2013-2024) 

 

2. Sensitivity Analysis 

To identify the most influential parameters governing the system dynamics, a local 

sensitivity analysis was performed using the normalized forward sensitivity index. For a given 

parameter 𝑝, the sensitivity index is defined as: 

 

𝑆𝑝 =
∂𝑆

∂𝑝
⋅

𝑝

𝑆
,                                                                               (25) 

 

where 𝑆 denotes the long-term stunting prevalence evaluated at the final simulation time. Each 

parameter was perturbed individually by a relative change of 10% while all remaining 

parameters were held constant. The resulting variation in the model output was then used to 

approximate the sensitivity indices numerically. The computed sensitivity indices are 

presented in Table 4 and Figure 3. 

Table 4 presents the normalized local sensitivity indices of the nondimensional model 

parameters with respect to the long-term stunting prevalence. The sensitivity indices quantify 

the relative influence of each parameter on the system dynamics. Positive sensitivity values 

indicate that increasing the corresponding parameter increases long-term stunting prevalence, 
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whereas negative values indicate parameters that reduce chronic undernutrition prevalence 

when increased. 

 

Table 4. Normalized Sensitivity Indices of the Nondimensional Model Parameters 

Rank Parameter 
Sensitivity 

Index 
Interpretation 

1 𝛽1 0.3613 Transition from the normal nutritional state to moderate 
wasting is the most influential driver increasing long-term 
stunting prevalence. 

2 𝜂2 0.3445 Progression from moderate wasting toward stunting strongly 
contributes to chronic undernutrition persistence. 

3 𝜂1 0.3062 Direct progression from the normal nutritional state to 
stunting substantially influences chronic growth failure 
dynamics. 

4 𝜌1
non −0.1943 Improved recovery from moderate wasting among non-infants 

reduces long-term stunting prevalence. 
5 𝜌1

inf −0.0653 Faster infant recovery from moderate wasting contributes to 
reductions in chronic undernutrition. 

6 𝜂3 0.0473 Severe wasting progression toward stunting contributes 
positively but with relatively smaller influence. 

7 𝛽2 0.0455 Transition from moderate wasting to severe wasting has 
limited but positive influence on stunting prevalence. 

8 𝜌2
non −0.0024 Recovery from severe wasting among non-infants exhibits 

minimal long-term influence under the current model 
configuration. 

9 𝜌2
inf −0.0017 Infant recovery from severe wasting shows negligible 

sensitivity influence on the long-term stunting equilibrium. 
 

 
Figure 3. Sensitivity analysis of nondimensional parameters 

 

The results demonstrate that the parameter 𝛽1  has the largest positive sensitivity index, 

𝑆𝛽1
= 0.3613.  This parameter represents the transition from the normal nutritional state 

toward moderate wasting. Its dominant sensitivity value indicates that early deterioration into 

wasting is the most influential mechanism governing long-term stunting dynamics within the 

proposed system. Epidemiologically, this finding suggests that preventing the onset of wasting 

may produce substantial long-term reductions in chronic undernutrition prevalence. The result 
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is consistent with previous nutritional studies showing that wasting episodes during childhood 

substantially increase the risk of subsequent growth failure through impaired nutrient 

utilization, recurrent infection, and inflammatory stress. From a public health perspective, this 

finding emphasizes the importance of preventive interventions such as food security 

improvement, breastfeeding promotion, dietary adequacy, and early nutritional surveillance 

programs. 

The second and third most influential parameters are: 𝜂2 = 0.3445, 𝜂1 = 0.3062. 

These parameters describe progression toward stunting from moderate wasting and from the 

normal nutritional state, respectively. Their large positive sensitivity values indicate that 

chronic growth failure is driven not only by acute wasting pathways but also by broader long-

term nutritional and environmental determinants. In particular, the large value of 𝜂2reinforces 

the strong epidemiological linkage between wasting and stunting identified during model 

calibration. This finding supports the hypothesis that wasting and stunting represent 

interconnected manifestations of undernutrition rather than biologically independent 

conditions. Meanwhile, the substantial sensitivity associated with 𝜂1 

suggests that stunting may also develop independently of wasting through chronic mechanisms 

such as maternal undernutrition, poor sanitation, recurrent infection, inadequate dietary 

diversity, and socioeconomic deprivation. This result aligns with the multifactorial conceptual 

framework of stunting proposed in global nutrition literature and implies that reducing wasting 

prevalence alone may not fully eliminate chronic growth failure at the population level.  

The recovery parameters associated with moderate wasting exhibit negative sensitivity 

indices: 𝜌1
non = −0.1943, 𝜌1

inf = −0.0653.  These negative values indicate that improving 

recovery from moderate wasting contributes to reductions in long-term stunting prevalence. 

Interestingly, the magnitude of |𝜌1
non| > |𝜌1

inf| suggests that improving recovery among non-

infant children may exert greater influence on population-level stunting reduction. One 

possible explanation is that non-infant children constitute a larger proportion of the under-five 

population and therefore contribute more strongly to the aggregate system dynamics. 

Nevertheless, both parameters highlight the importance of early nutritional rehabilitation and 

community-based wasting treatment programs in reducing long-term chronic undernutrition 

burden. 

The parameters 𝜂3 and 𝛽2 show relatively smaller positive sensitivity values: 𝑆𝜂3
= 0.0473,

𝑆𝛽2
= 0.0455.  Although severe wasting contributes positively to chronic undernutrition 

progression, its influence on long-term stunting prevalence appears substantially weaker than 

the moderate wasting pathway. This behavior may reflect the comparatively lower prevalence 

of severe wasting within the population, causing moderate wasting dynamics to dominate the 

long-term epidemiological behavior of the system. Biologically, moderate wasting may also 

persist for longer durations within the community, thereby exerting broader cumulative effects 

on growth impairment at the population level. 

Finally, the recovery parameters associated with severe wasting, 𝜌2
non and 𝜌2

inf, 

exhibit sensitivity indices very close to zero: −0.0024 and − 0.0017, respectively. These near-

zero values suggest that severe wasting recovery dynamics exert relatively limited structural 

influence on the long-term stunting equilibrium under the current model configuration. From 

a methodological perspective, such small sensitivity values may also indicate weaker 
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parameter identifiability caused by the relatively low prevalence of severe wasting and the 

limited temporal resolution of the aggregated national dataset. Importantly, these results do 

not imply that severe wasting treatment lacks clinical significance. Rather, they indicate that, at 

the population level, long-term stunting dynamics are more strongly influenced by early 

wasting prevention and moderate wasting recovery processes than by severe wasting recovery 

alone. 

Overall, the sensitivity analysis reveals that the dominant drivers of chronic undernutrition 

dynamics are the initiation of wasting, progression from wasting toward stunting, and recovery 

from moderate wasting. These findings carry important implications for stunting management 

policies. In particular, the results suggest that intervention strategies focusing solely on severe 

wasting treatment may have limited long-term impact on population-level stunting prevalence. 

Instead, integrated interventions emphasizing early wasting prevention, timely treatment of 

moderate wasting, maternal nutrition improvement, sanitation enhancement, infection 

prevention, food security, and community-based nutritional monitoring are likely to produce 

more sustainable reductions in chronic undernutrition burden. 

 

3. Projection Simulation 

Figure 4 presents the long-term projection of childhood wasting–stunting dynamics from 

2024 to 2050 using the calibrated dimensional model. Overall, the numerical simulations 

indicate that the undernutrition system evolves toward a dynamically stable low-endemic 

equilibrium characterized by substantial reductions in wasting and stunting prevalence 

together with a dominant increase in the well-nourished population. All trajectories remain 

biologically feasible throughout the simulation horizon and converge smoothly toward stable 

equilibrium levels, indicating stable long-term system behavior under the estimated parameter 

regime. 
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Figure 4. Long-term projection of childhood wasting–stunting dynamics from 2024 to 2050:  

(a) well-nourished population 𝑎(𝑡), (b) moderate wasting prevalence 𝑏(𝑡),  

(c) severe wasting prevalence 𝑐(𝑡), and (d) stunting prevalence 𝑠(𝑡) 

 

Figure 4(a) shows that the proportion of well-nourished children 𝑎(𝑡) increases rapidly 

during the early years of the projection period before gradually approaching a stable 

equilibrium close to unity. This behavior indicates that recovery-related mechanisms dominate 

nutritional deterioration pathways over the long term, allowing the healthy population 

compartment to become increasingly dominant within the system. Mathematically, the 

convergence of the well-nourished compartment toward a bounded positive equilibrium 

further confirms the positivity and boundedness properties established analytically. 

Epidemiologically, this result suggests that sustained nutritional recovery interventions, 

improvements in healthcare access, and reductions in severe nutritional deterioration may 

substantially increase the proportion of nutritionally healthy children over time.  

In contrast, Figures 4(b) and Figures 4(c) demonstrate substantial reductions in both 

moderate wasting 𝑏(𝑡) and severe wasting 𝑐(𝑡) prevalence throughout the projection horizon. 

Moderate wasting declines sharply during the initial years before stabilizing at a low but strictly 

positive endemic level, whereas severe wasting decreases even more rapidly toward values 

approaching zero. The steeper decline observed in severe wasting suggests that severe acute 

malnutrition is highly responsive to recovery-related mechanisms within the calibrated 

parameter regime. Nevertheless, neither wasting compartment is completely eliminated, 

indicating that residual nutritional vulnerability continues to persist within the population 

despite substantial long-term improvements in nutritional conditions.  
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Figure 4(d) further illustrates that stunting prevalence 𝑠(𝑡) also decreases considerably 

over time. The trajectory initially declines rapidly before gradually approaching a low positive 

equilibrium level. Although stunting is generally more persistent than wasting because of its 

chronic and cumulative nature, the model predicts that long-term reductions in wasting 

prevalence combined with sustained recovery mechanisms gradually suppress chronic 

undernutrition as well. However, the persistence of positive stunting prevalence indicates that 

structural determinants of chronic malnutrition remain active within the population. 

Biologically and epidemiologically, this persistence reflects the multifactorial nature of stunting, 

which is influenced not only by wasting progression dynamics but also by maternal nutrition, 

household food insecurity, sanitation quality, recurrent infections, poverty, and broader 

environmental conditions.  

Importantly, the numerical projections strongly support the analytical results associated 

with the wasting threshold ℛ𝑊. Since the estimated value of ℛ𝑊 remains consistently below 

unity throughout the projection horizon, the deterioration pathways driving wasting 

progression are substantially weaker than the combined recovery and removal mechanisms 

operating within the system. Consequently, the wasting dynamics cannot sustain long-term 

endemic amplification, causing all prevalence trajectories to progressively decline and 

converge toward stable equilibrium states. The smooth convergence observed in all state 

variables therefore provides strong numerical validation of the theoretical local stability 

analysis established previously.  

The simulation results also demonstrate the epidemiological significance of the threshold 

condition ℛ𝑊 < 1 . In the context of the present model, this threshold implies that the 

progression of nutritional deterioration between wasting compartments is insufficient to 

maintain persistent amplification of undernutrition prevalence within the population. As a 

consequence, both moderate and severe wasting prevalence decline progressively over time. 

However, the simulations further reveal that satisfying the condition ℛ𝑊 < 1  does not 

necessarily imply complete elimination of undernutrition. Moderate wasting, severe wasting, 

and stunting all remain strictly positive at equilibrium, although at substantially reduced levels. 

Therefore, the system converges toward a stable low-endemic equilibrium rather than toward 

a completely undernutrition-free state.  

This distinction is epidemiologically important because it indicates that undernutrition 

remains structurally embedded within vulnerable subpopulations despite the suppression of 

wasting progression dynamics. Persistent low-level prevalence may continue to arise from 

long-term socioeconomic deprivation, maternal malnutrition, household food insecurity, 

recurrent infections, poor sanitation, and other environmental risk factors that are not fully 

removed from the population. Consequently, although the condition ℛ𝑊 < 1 guarantees long-

term dynamical stability and substantial reductions in wasting prevalence, sustainable 

elimination of childhood undernutrition still requires continuous integrated interventions 

targeting both acute nutritional deterioration pathways and broader structural determinants 

of chronic malnutrition.  

The simulation outcomes are also highly consistent with the sensitivity analysis results 

obtained previously. The sensitivity analysis identified deterioration-related parameters 

associated with nutritional progression pathways as dominant positive contributors to 
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undernutrition persistence, whereas recovery-related parameters exerted strong negative 

influence on the system by suppressing wasting progression dynamics. These theoretical 

findings are directly reflected in the numerical simulations shown in Figure 4. The rapid 

reduction in severe wasting prevalence indicates that recovery mechanisms dominate 

deterioration pathways under the calibrated parameter regime, while the persistence of low-

level moderate wasting and stunting indicates that deterioration pathways remain active, 

although substantially weakened.  

Furthermore, the very small estimated value of ℛ𝑊 suggests that recovery-related 

processes strongly outweigh the deterioration parameters governing wasting transmission 

dynamics. Consequently, the system becomes highly stable and resistant to sustained growth 

in wasting prevalence. Nevertheless, the sensitivity analysis also implies that relatively small 

increases in deterioration-related parameters may substantially alter the long-term 

equilibrium structure. For example, increases in nutritional deterioration rates associated with 

food insecurity, recurrent infections, economic crises, or inadequate healthcare access may 

elevate wasting prevalence and potentially shift the system toward a less favorable endemic 

regime. Similarly, reductions in recovery-related mechanisms caused by weakened 

intervention programs or declining healthcare coverage may increase the effective value of ℛ𝑊, 

thereby destabilizing the low-endemic equilibrium observed in the present simulations.  

From a public health perspective, the projections provide several important implications. 

First, the rapid decline in severe wasting indicates that intensive nutritional treatment 

programs and recovery-oriented interventions can substantially reduce severe acute 

malnutrition over the long term. Second, the persistence of moderate wasting and stunting 

despite ℛ𝑊 < 1  suggests that treatment-oriented interventions alone are insufficient to 

completely eliminate undernutrition. Chronic nutritional problems remain structurally 

embedded within vulnerable populations because of persistent socioeconomic and 

environmental determinants. Therefore, sustainable reductions in childhood undernutrition 

require integrated long-term strategies combining acute wasting treatment with broader 

interventions targeting maternal nutrition improvement, sanitation enhancement, infection 

prevention, food security strengthening, poverty reduction, and optimal childcare practices.  

Overall, Figure 4 demonstrates that the wasting–stunting system possesses dynamically 

stable long-term behavior under the calibrated parameter regime. The threshold condition 

ℛ𝑊 < 1 , the local stability analysis, the sensitivity analysis, and the numerical projections 

consistently indicate that the system converges toward a stable low-endemic equilibrium 

characterized by declining undernutrition prevalence and increasing dominance of the well-

nourished population. Nevertheless, the persistence of positive equilibrium levels 

demonstrates that undernutrition remains structurally sustained within vulnerable groups, 

emphasizing the necessity of maintaining continuous and integrated nutritional intervention 

policies over the long term. 

 

E. CONCLUSION AND SUGGESTIONS 

This study develops a deterministic compartmental model describing the interaction 

between wasting and stunting among children under five years of age by incorporating wasting 

progression, direct pathways toward stunting, and age-dependent recovery dynamics within a 
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unified mathematical framework. Model calibration using Indonesian national prevalence data 

during 2013–2024 produced a residual error of approximately 8.77 × 10−3 , indicating good 

agreement between simulated trajectories and observed prevalence data. Numerical 

simulations show declining trends for severe wasting, whereas stunting decreases more slowly 

and remains relatively persistent over time. The estimated recovery parameters further 

indicate that infants recover faster than older children, supporting the biological assumption 

underlying the proposed age-dependent recovery mechanism. 

Threshold and local stability analysis demonstrate that the condition ℛ𝑊 < 1 is associated 

with decay of wasting dynamics and convergence toward equilibrium. However, sensitivity 

analysis indicates that long-term stunting dynamics are influenced more strongly by 

deterioration and progression pathways toward stunting than by recovery mechanisms. In 

particular, the deterioration rate toward moderate wasting exhibited the highest sensitivity 

influence, indicating that early nutritional deterioration plays a dominant role in shaping long-

term stunting prevalence. In contrast, infant-related recovery parameters exhibit 

comparatively low sensitivity influence, suggesting that recovery improvement alone may not 

substantially reduce long-term stunting prevalence at the population level. 

These findings suggest that reducing wasting alone may not be sufficient to substantially 

lower long-term stunting prevalence. Sustainable stunting reduction therefore requires 

integrated interventions addressing both acute and chronic undernutrition pathways, 

including maternal nutrition improvement, infant feeding optimization, sanitation 

enhancement, infection prevention, household food security, and continuous nutritional 

monitoring during the first 1000 days of life. This study still has several limitations. The model 

is calibrated using aggregated annual prevalence data and does not explicitly capture 

individual-level heterogeneity, spatial variability, or stochastic fluctuations. In addition, 

concurrent wasting–stunting is represented implicitly rather than through a separate 

compartment due to limited longitudinal data availability. Future studies may extend the 

present framework by incorporating stochastic effects, spatial heterogeneity, longitudinal 

cohort data, or explicit concurrent wasting–stunting compartments to obtain a more 

comprehensive representation of undernutrition dynamics 
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