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derive its topological indices. The total graph is shown to be disconnected
and decomposes into components determined by pairs of cosets, each of
which is a modified complete or complete bipartite graph. Closed-form
formulas for the Wiener, Harary, and Szeged indices are derived as
functions of p and k, and each connected component is shown to have
bounded diameter. These results provide a structural characterization and
closed-form formulas for the Wiener, Harary, and Szeged indices of this
class of total graphs, thereby extending algebraic graph theory and
enriching the study of topological graph invariants.
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A. INTRODUCTION

Graph theory has been extensively applied in chemical graph theory, where molecular
structures are represented as graphs and analyzed using topological indices to predict
physicochemical and biological properties (Gutman & Polansky, 2022; Hua et al., 2019; Islam
et al, 2021). Among the most prominent distance-based descriptors are the Wiener index,
introduced as a path-based molecular measure (Wiener, 1947), the Harary index, defined from
the reciprocal distance matrix (Plavsic et al., 1993), and the Szeged index, which incorporates
the distribution of vertices relative to graph edges (Khadikar et al., 1995).

The integration of graph theory and algebra has led to the development of numerous graph
constructions on groups and rings, including zero-divisor graphs (Anderson & Livingston,
1999), nilpotent and non-nilpotent graphs (Abdollahi & Zarrin, 2010; Das & Nongsiang, 2015),
commuting and non-commuting graphs (Abdollahi, 2008; Abdollahi et al., 2006), coprime and
non-coprime graphs (Ma et al,, 2014; Mansoori et al., 2016), and total graphs (Anderson &
Badawi, 2008). Previous studies have investigated their structural properties, such as graph
parameters, chromatic numbers, and clique numbers (Dorbidi, 2016; Gayatri, Nurhabibah, et
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al, 2023; Hamm & Way, 2021), as well as their realizations on algebraic structures including
integer modulo groups, dihedral groups, and generalized quaternion groups (Fitriani &
Kurniawan, 2024; Juliana et al., 2020; Kurniawan et al., 2025; Misuki et al., 2021; Munandar,
2023; Nurhabibah et al., 2021; Putra et al., 2022).

In parallel, topological indices on algebraically defined graphs have received considerable
attention due to their effectiveness in quantitatively characterizing graph structures. Various
indices, including the Wiener, Harary, Szeged, Harmonic, Gutman, and the first and second
Zagreb indices, have been studied for graphs associated with groups and rings (Alimon et al.,
2020; Gayatri, Fadhilah, et al., 2023; Husni et al., 2022; Sarmin et al., 2020; Syarifudin et al,,
2023; Zahidah et al., 2021) Nevertheless, studies that simultaneously address the structural
characterization of total graphs and explicit formulations of topological indices, particularly
over the ring Zpk, remain limited.

Furthermore, existing studies on total graphs of finite rings generally define adjacency using
the zero-divisor set, yielding graph constructions based on the conventional adjacency relation
(Kharkongor et al., 2023; Knor et al,, 2016; Meinawati et al.,, 2024; Nikmehr et al.,, 2014).
Although this approach has produced important structural results, it does not address how
restricting adjacency to nonzero zero divisors affects the resulting graph. Consequently, the
impact of this restriction on graph decomposition, distance distribution, and distance-based
topological indices, particularly the Szeged index, remains unknown. Among finite
commutative rings, L, is of particular interest because its nontrivial zero-divisor structure
induces intricate adjacency relations and natural coset partitions through the canonical
homomorphism onto Z,. These algebraic properties make the structural analysis of its total
graph considerably more challenging than that of simpler residue rings.

Motivated by these observations, this study investigates the total graph over Z « by defining

adjacency using the set of nonzero zero divisors. An algebraic coset-based approach is
employed to characterize the graph decomposition, determine the distance distribution, and
derive closed-form expressions for the Wiener, Harary, and Szeged indices. The obtained
results clarify how the choice of the adjacency criterion influences the structural and
topological properties of the graph and provide new theoretical insights into total graphs
associated with finite commutative rings.

B. METHODS

This study adopts a theoretical and deductive approach integrating ring theory and graph
theory to investigate the total graph over Z . The analysis is based on the algebraic structure
of the finite commutative ring Z,«x and is carried out through formal mathematical reasoning
using definitions, propositions, lemmas, and theorems. The research begins by constructing the
ring Z,« and determining its set of nonzero zero divisors, which defines the adjacency relation
of the total graph. The canonical homomorphism ¥:Z,« — Z, is then used to obtain a coset
partition of the vertex set, providing the basis for analyzing the graph decomposition into
connected components. Subsequently, the distance distribution within each component is
determined and used to derive closed-form expressions for the Wiener, Harary, and Szeged
indices. All results are established deductively by relating the algebraic properties of Z« to the
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corresponding graph-theoretical properties. The overall research procedure is summarized in

Figure 1.
RingZZp;- Characterize graph decomposition
g and connected components
Y
Nonzero zero divisors Z(Z,,x)\{0} v

Analyze shortest-path distances
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Construct Total Graph T/(Zx )
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Figure 1. Research framework of the proposed algebraic approach

C. RESULT AND DISCUSSION
This section presents a comprehensive analysis of the total graph on Z x using the set of

nonzero zero divisors. By combining algebraic and graph-theoretic approaches, the study
characterizes the adjacency structure, graph decomposition, connected components, distance
distribution, and several topological indices. The results show that the algebraic structure of
the ring, particularly its principal ideals and coset decomposition, fundamentally determines
the global and metric properties of the graph.
1. Algebraic Foundation and Partition Structure

This section establishes the algebraic foundation through ring homomorphisms and coset
structures on Z,. This foundation serves as the primary basis for determining graph partitions

and subsequent analysis.
Definition 3.1 (Fraleigh, 2003)
Let p be a prime number and k > 2. The modulo ring is defined as

Lk ={0,1,2, .., p* — 1}

with addition and multiplication performed modulo p*. The ring Z.yx is commutative with unity

and has a simple ideal structure, particularly the ideal generated by p. For further analysis, a
canonical mapping to Z, is used, which preserves the ring structure, as formulated in the
following proposition.

Proposition 3.1. The canonical mapping y:Zx = Zy, defined by ¥(x) = x mod p, is a

surjective ring homomorphism.
Proof. Let x,y € Z,k. Then we have {(x +y) = (x +y) mod p = (x mod p) + (y mod p) =

() +¥(y) and P(xy) = (xy) mod p = (x mod p)(y mod p) = Y (x)(y). Thus, ¥ is a ring
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homomorphism. Next, for every w € Z,, choose x = w € Z k. Then {(x) = w, so ¢ is surjective.

[ |
Proposition 3.2. Let 1:Zx = Z; be defined by (x) = x modp. Then ker(y) = (p) = {x €
Ly | p | x}.

Proof. By definition, ker(y) = {x € Z,« | (x) = 0}. Since Y(x) =0 < x = 0mod p, this
condition is equivalent to p | x. Thus, every element in the kernel can be written as x = mp for
some integer m. Hence, ker(y) = {0,p, 2p, ..., (@*"1 — 1)p} = (p). A

With the kernel and the properties of the homomorphism established, the Ring Homomorphism
Theorem can now be applied to the mapping .

Theorem 3.1. Let Y:Z,x = Z, be defined by ¥ (x) = x modp. Then Z x/ker(y) = Im(y) =
L.

Proof. Since 1 is a surjective ring homomorphism, the Ring Homomorphism Theorem implies
that Z«/ker(y) = Im(y). Because ¢ is surjective, we have Im(y) = Z, . Therefore, Z/
ker(y) =7, .1

The homomorphism result and the characterization of its kernel not only provide the structure
of the factor ring but also serve as the main mechanism for constructing the graph partition.
Thus, the coset partition induced by the kernel is not merely algebraic in nature, but also plays

a direct role in determining the vertex structure and connectivity patterns of the graph.
p—1
Corollary 3.1. The ring Z,« can be partitioned as Z,x = iyof, where T1={x €Z | x =

i mod p}, and each coset satisfies | T |= p*~1.

Proof. From Propositions 3.1 and 3.2, it is known that y:Z = Z, is a surjective
homomorphism with ker(y) = (p). Hence, for each i € Z,, the coset is given by 1 =1+
ker(y) = {i + mp | m € Z}, which is equivalent to {x € Z«x | x = i mod p}.

These cosets are pairwise disjoint and cover the entire ring Z,. Since each coset has the same

cardinality as the kernel, namely | ker(y) |= p*~1, it follows that | T |= p*~!. Therefore, the
desired partition is obtained.

Example 3.1. Consider the ring Zo, where p =3 and k = 2. Then Z¢ = {0,1, ...,8}. The
canonical homomorphism y:Zq — Z3 is given by ¥(x) = x mod 3. Its kernel is ker(y) =
{0,3,6}. Hence Zy = 0 U 1 U 2 where 0 = {0,3,6}, 1 = {1,4,7}, 2 = {2,5,8}. Each coset contains
3271 = 3 elements, confirming Corollary 3.1. Furthermore, | Zo |= 9 = 3 X 3, so the partition
reduces the analysis from nine individual vertices to three algebraically defined cosets.

The coset partition obtained in Example 3.1 serves as the basis for constructing the total graph.
In the subsequent section, adjacency relations are determined between and within these cosets.
Instead of analyzing all p* vertices individually, the coset partition allows the graph structure
to be studied through the interactions among only p algebraically defined classes. This
reduction provides the key framework for deriving the graph decomposition and the closed-
form formulas presented in the subsequent sections.
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2. Adjacency, Graph Decomposition, and Graph Structure

Next, the adjacency relation in the total graph is defined along with the characterization of
its global structure, which serves as the foundation for analyzing connected components,
distances, and topological indices. In this study, zero divisors are defined as nonzero elements,
in accordance with the approach commonly used in ring theory.
Definition 3.2 (Pinter, 2010)
Let R be a commutative ring with unity. The set of zero-divisors of R is defined as

Z(R)={xeR\{0}13yeR\ {0}, xy =0}

In this context, for the ring Zpk, we obtain
Z(Zyk) = {x € Zyi \ {0} | 3y € Z i \ {0}, xy = 0 (mod p*)}.

Proposition 3.3. Let p be a prime number and k > 2. Then Z(Z,x) = (p) \ {0}.

Proof. Let x € Z« \ {0}.If x € Z(Z,x), then there exists y # 0 such that xy = 0 mod p¥, thatis,
p* | xy. If p } x, then x is invertible in Zk, so xy = 0 implies y = 0, a contradiction. Hence, p |
x, and thus x € (p). Conversely, if x € (p) \ {0}, then x = mp with m # 0. Take y = p*~1 = 0.
Then xy = mp - p*~! = mp* = 0 mod p*, so x € Z(Z,). Therefore, Z(Z,x) = (p) \ {0}. W
This result serves as the foundation for defining the total graph based on zero-divisors in the
ring.

Definition 3.3 (Anderson & Badawi, 2008)

Let R be a commutative ring with unity. The total graph on R, denoted by 7' (R), is a graph with

vertex set V = R, where two distinct vertices x, y € R are adjacent if and only if x + y € Z(R),
where Z(R) denotes the set of zero-divisors of R. In this study, we consider R = Zk. Thus, the

total graph 7'(Z ) has vertex set V = Z,x, with adjacency relation
x~y = x+y€Z(Ly).
Based on Proposition 3.3, we have Z(Z,x) = (p) \ {0}, so that

x~y & x+y€(p)\ {0}

Next, this adjacency relation is analyzed using the coset structure of Z,x modulo p.

Lemma 3.1.Ifx €Etandy € j,thenx ~y & i+j=0modpandx +y # 0.

Proof. Let x €t and y €. By the definition of the total graph, x~y & x+yE€
Z(Zy) <= x+y€(p)\{0}. This is equivalent to p|(x+y) and x+y # 0. Since x =
i mod p and y = j mod p, it follows that x + y = (i + j)) mod p. Thus,p | (x +y) & i+j =
0 mod p, which yields the desired result. B

Example 3.2. Consider the ring Zo, where p = 3 and k = 2. Then Z¢ = {0,1,2,3,4,5,6,7,8},
which is partitioned into the cosets 0 = {0,3,6},1 = {1,4,7},2 = {2,5,8}. Since 1 + 2 = 0 mod 3,
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vertices belonging to 1 and 2 may be adjacent whenever their sum is a nonzero zero divisor.
For example, 1 + 5 = 6 € Z(Zy), thus 1 ~ 5. However,1 + 8 = 9 = 0 mod 9,so 1 +~ 8, because
zero is not included in the set of zero divisors considered in this study.
This example confirms Lemma 3.1 by illustrating that adjacency depends only on the
corresponding cosets together with the condition x + y # 0. Therefore, the local structure of
the graph is entirely determined by arithmetic in Z,, which drastically reduces the complexity
of the analysis.
Theorem 3.2. Let p be a prime number and k = 2. For each i € Z,, define V; = TU =1. Then
-1)/2
T(Zy) =T Vo) UT(Vy) forp = 2and T(Z,) = (pi|;|;/ T (V;) for odd p.
-1
Proof. From the coset partition, Zpk = igol‘. By Lemma 3.1, for x € tand y € J, we have x ~
y & i+j=0modpandx+y # 0. Thus, edges occur only between r and =1, so each V;
induces a subgraph, and these subgraphs are pairwise disjoint. Next, each 7' (V;) is connected.
For i = 0, every pair of vertices is either directly adjacent or connected through an intermediate
vertex. For i # 0, connectivity follows from the fact that vertices in different cosets are adjacent,
while vertices within the same coset are connected via their paired coset. Since there are no
edges between distinct V;, each T (V;) forms a connected component. The case p = 2 yields two
p+

components, while for odd p, there are 71 components, as stated. l

To illustrate the decomposition described in Theorem 3.2, Figure 2 presents the total graph
T (Zy). The graph consists of two connected components correspondingto V, = 0and V; = 1 U
2, which agrees with the decomposition theorem. This example demonstrates that the
connected components are completely determined by pairs of cosets induced by the canonical
homomorphism.

Figure 2. Decomposition of the total graph 7' (Zy) into the connected components T (V) and T (V;).

This decomposition shows that the total graph on Zk is inherently disconnected, and its

component structure is entirely determined by pairs of cosets i and —i. This phenomenon
indicates that graph connectivity is not a random global property, but rather a direct
consequence of the factor ring structure Z,«/(p). In other words, the underlying algebraic
structure governs the global topology of the graph. Furthermore, this result allows the

reduction of graph analysis to smaller, well-structured components, which is essential for the
explicit computation of topological indices.
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Corollary 3.2. Let p be a prime number and k > 2. The number of connected components of
the total graph 7'(Z,«) is 2 for p = 2 and pTH for odd p.

Proof. Based on Theorem 3.2, the connected components correspond to the sets V;. Forp = 2,
there are two such sets, namely V, and V;, yielding two components. For odd p, there is one

component from V, and pT_l components from the pairs (7, =1), giving a total of pTH. |

Proposition 3.4. For k > 2, each component 7' (V;) ofT(sz) is a complete graph K,, with all
edges removed between pairs of vertices {u, v} such that u + v = 0, where n = 2¥71,

Proof. Letu,v € V; withu # v, fori € {0,1}. Sincep = 2, wehaveu =v=imod 2,sou+v =
0 mod 2. By the definition of adjacency, u ~v & u+v € (2)\ {0} © u+v # 0. Thus,
every pair of distinct vertices in V; is adjacent except when u + v = 0. Since the complete graph
K, contains all edges between distinct pairs of vertices, it follows that 7' (V;) is obtained from
K,, by removing exactly those edges connecting pairs {u, v} withu +v = 0. R

Proposition 3.5. For k > 2 and an odd prime p, each component 7' (V;) ofT(Zpk), with i # 0,
is a complete bipartite graph K, ,, with partition (7, =1), from which all edges connecting pairs
{u,v} withu + v = 0 are removed, wheren = pk1.

Proof. Letu,v €V, =1U=1 withu # v. By Lemma 3.1, u~v & i+j=0modpandu+
v# 0.Sincepis odd andi # 0, if u,v €Etor u,v € =1, theni + i # 0 mod p, so they are not
adjacent. Conversely, ifu € tand v € =1, then i + (—i) = 0 mod p, sou ~ v, except when u +
v = 0. Thus, all edges occur only between the two partitions, forming a complete bipartite
graph K, ,,, except for the edges connecting pairs {u, v} with u + v = 0, which are removed. &
The graph obtained for p =3 and k = 2 also illustrates the structural characterization
established in Propositions 3.4 and 3.5. The component T (V) is a modified complete graph,
whereas 7' (V;) is a modified complete bipartite graph. In both cases, the only missing edges are
those joining additive inverse pairs. Consequently, the resulting graphs preserve the overall
structure of complete and complete bipartite graphs while exhibiting a regular pattern of
deleted edges determined entirely by the algebraic structure of the ring, as shown in Figure 3.

Figure 3. Structural characterization of the connected components of 7' (Z): the modified complete
graph T (V;); the modified complete bipartite graph 7 (V).

This indicates that the metric properties of the graph are influenced not only by edge
density but also by the underlying algebraic structure that governs the presence or absence of
specific edges.
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3. Distance and Distance Distribution

Distance analysis is carried out to reveal the metric structure of the graph within each
component. The resulting distance distribution serves as the main foundation for computing
topological indices and provides insight into the efficiency of connectivity in the graph.
Definition 3.4 (Diestel, 2017)
Let G be a simple and connected graph. For every pair of vertices u,v € V(G), the distance
d(u,v) is defined as the length of the shortest path connecting u and v. In the total graph
T (Zpk), distances are defined within each component 7' (V;), since the graph as a whole is not

necessarily connected.
a. Distance Analysis on the Component V,
Lemma 3.2. LetV, =0 € Z,k, where p is a prime number and k > 2. Foreveryu # v €
V,, it holds that

d(w, v) € {1,2}, with d(u, v) = g gz v 8t

Proof. For u,v € Vy, we have u = v = 0 mod p, so u + v = 0 mod p. By the definition of

adjacency,u ~v © u+ve{(p)\{0} © u+v+0.Ifu+v+0,thend(u,v) =1.1f

u+ v = 0, then u and v are not adjacent. Since | V, |= p*~1 > 2, there exists w € V, \

{u,v} withw # —u, such thatu ~ wand w ~ v. Hence, d(u,v) = 2. B

This result indicates that although the graph is not complete, the distances between

vertices remain bounded by small values. In particular, the diameter of the graph is

bounded by the small constant 2, showing that each component has strong connectivity

properties.

Lemma 3.3. Let Vo = 0 € Zx with n = p*~*. The number of pairs {u, v} € V, withu #

v, satisfyingu + v = 0 is nT_l for odd primes p, and nT—z forp = 2.

Proof. Since V} is an additive subgroup with | V,, |= n, every pair satisfyingu + v = 0 is

of the form {u, —u} with u # 0. For odd p, we have u # —u for every u # 0, so the

elements in V,, \ {0} can be paired off. Hence, the number of such pairs is nT_l Forp = 2,

there exists exactly one nonzero element satisfying u = —u, namely u = 2¥~1, which

does not form a distinct pair. Thus, the remaining n — 2 elements can be paired, giving a

total ofnT_2 pairs. &

To analyze the distance distribution between vertices, a function is introduced to count

the number of vertex pairs based on their distance.

Definition 3.5. Let G be a simple graph with vertex set V(G). For each k > 1, define
N.(G) =l {{u,v} S V(G lu=+v duv) =k}l

Thus, N, (G) denotes the number of distinct vertex pairs whose distance is exactly k. For

a component V;, we write Ny (V;) = Ny (T(VL-)).

Theorem 3.3. Let p be a prime number, k > 2,and | V [=n = p"_l. Then the distance

distribution on Vj, is given by



Wahyu Ulyafandhie Misuki, Wiener Index, Harary Index, and... 1503

n-1

—~ if p is odd,
NZ(T(VO)) = VYn-2 . ) and N1(T(Vo)) = (’;) — N (T (Vo).

. lfp = 4,

Proof. By Lemma 3.2, for every pair u # v € V,;, we have d(u,v) = 2 if and only if u +
v =0, and otherwise d(u,v) = 1. Hence, NZ(T(VO)) =| {{u, viCVylusv,u+v=
O} |. From Lemma 3.3, the value of N, (T(VO)) follows according to the cases above. Since
all pairs have distance either 1 or 2, and the total number of pairs is (’21), it follows that
N, (T(V) = (5) = No(T (V). W

Example 3.3. Consider the ring Zo, where p = 3 and k = 2. Then V;, = {0,3,6}, where
n = 3. The vertex pairs in V; are {0,3},{0,6}, {3,6}. Since 3 + 6 = 0 mod 9, the pair {3,6}
has distance d(3,6) = 2. The remaining two pairs satisfy d(0,3) = d(0,6) = 1. Hence,

N; = 2,and N, = 1. These values agree with Theorem 3.3 since N, = nT_l =1,and N, =

6)-1=2

Lemma 3.4. Let p be a prime number, k > 2, and | V, |= n = p*~1. Then the number of
) .. (n—-1)2 n2-2n+2

edges in T'(Vy) is given by | E(T(Vp)) I= ——for odd p and | E(TWVy) 1= — for

p =2

Proof. For every u # v € V;, we have u ~v & u+ v # 0. Thus, T(V,) is obtained

from the complete graph K,, by removing all edges connecting pairs {u, v} such that u +

v = 0. The number of edges in K,, is (’21), while the number of pairs satisfyingu + v =0

is N, (T(VO)), namelynT_1 for odd primes p and nT_Z for p = 2. Hence, we obtain for odd
. . _n(n-1) n-1__ (n—1)2

primes p, | E(T(Vy)) 1= (3) = N,(T(Vp) = =T

BT 1= () = Na(T (1)) = 00 12 o2

and for p=2, |

. Distance Analysis on the Component V;,i > 1
Lemma 3.5. Let p be a prime number, k > 2,and foreach i € {1,2, ..., |p/2]}, define V; =
LU =1 For every u # v € V;, the distance d(u, v)in the graph T (Z,«) is given by
For odd p:
1, fue,ve=,u+v=+0,
d(u,v) = {2, if u, v belong to the same coset,
3, fue,ve=u+v=0,
and forp = 2:
1, ifu+v=+0,
d(w,v) = {2, ifu+v=0.
Proof. Based on the canonical homomorphism ¥: Zx — Z, with ker(y)) = (p), the ring
Zpk is partitioned into cosets I. From Lemma 3.1, for u € Tand v € J, we have u ~ v if
and only ifi + j = 0 (mod p) and u + v # 0.
Letu#v €V, =1U=tForoddp,ifu € tand v € =1, theni + (—i) = 0,sou ~ vifand
only if u + v # 0, which gives d(u, v) = 1. If u and v belong to the same coset, then they
are not adjacent; however, there exists a vertex w in the paired coset such that u — w —
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v forms a path, hence d(u,v) = 2. Ifu € 1, v € =1, and u + v = 0, then there is no path
of length two, but there exists apathu —x —w — v, so d(u,v) = 3.

For p = 2, we have I = =1, so two vertices are adjacent if and only ifu + v # 0. Ifu +
v = 0, then there exists a path of length two through another vertex, hence d(u, v) = 2.
Therefore, the result follows. B

This result shows that the diameter of the graph on the component V; is at most 3 for
odd p and 2 for p = 2, indicating that the graph maintains short distances even though
it is not complete.

Lemma 3.6. Let p be a prime number, k > 2, and n = p*~1. The number of unordered
pairs {u, v} € V;, with u # v, satisfying u + v = 0 is n for odd p with i # 0, and % forp =
2onlj;.

Proof. For odd p and i # 0, every pair satisfying u + v = 0 is of the form {u, —u}. Ifu €
t, then —u € =1, so each element in iproduces exactly one such pair. Since | T |= n and
the two cosets are disjoint, there are exactly nsuch pairs.

For p = 2, we have V; = 1 with | V; |= n. The condition u + v = 0 is equivalent to v =
—u. There is no element u € V; such that u = —u, so each element can be uniquely
paired with its additive inverse. Thus, all elements in V; can be partitioned into disjoint
pairs, giving a total of g pairs. H

Theorem 3.4. Let p be a prime number, k > 2, and for eachi € {1,2, ..., |[p/2]}, define
V; = TU =1, with | T |=n = p*~1. Then the distance distribution on the graph T'(V;) is
given by Ny =n(n—1),N, =n(n—1),N; =n for odd p and N; = @,Nz = % for
p =2

Proof. Based on the coset structure induced by the canonical homomorphism :Z x —
Ly, the set V; consists of two cosets, each of size n. From Lemma 3.5, for odd p, the
distances between vertices in V; can only be 1, 2, or 3. Pairs at distance 1 occur between
vertices in Tand =1 with u + v # 0. The total number of cross-coset pairs is n?, and
exactly n of them satisfy u + v = 0. Thus, N; = n? —n = n(n — 1). Pairs within the
same coset always have distance 2, and their number is 2('2‘) =n(n-—1),soN, =n(n-—
1). Finally, pairs with u + v = 0 total n and have distance 3, so N; = n. For p = 2, we
have T = =1, so V/; consists of a single coset with | V; [= n. From Lemma 3.5, distances
can only be 1 or 2. The number of pairs withu + v = 0is 2, hence N, = % Since the total

number of pairs is (}), we obtain N; = () — % = @ —g

= @ Thus, the distance
distribution follows as stated. H

Example 3.4. Consider the ring Zo, where p = 3 and k = 2. The component V; = 1 U
2 = {1,4,7,2,5,8} contains six vertices. From the graph shown in Figure 2, three vertex
pairs have distance 3, six vertex pairs have distance 2, and six vertex pairs have distance
1. Therefore, N; = 6, N, = 6, N; = 3. These values coincide with Theorem 3.4 for n = 3,
namely Ny =n(n—1)=6, N,=n(n—1)=6, N; =n = 3. Thus, the theoretical
distance distribution is confirmed by the numerical example.
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Lemma 3.7. Let p be a prime number, k > 2,and n = p*~1. For each component V; with
i > 1, the number of edges satisfies | E(T(V;)) = n? —n for odd p and | E(T(V)) |=

nn-2)
2
Proof. For odd p, we have V; = TU =t with | T |=| =1 |= n. Edges occur only between the

two cosets, giving n? possible pairs. From Lemma 3.6, exactly npairs satisfy u + v = 0
and thus do not form edges. Hence, | E(T(VL-)) |=n%—n.

For p = 2, we have V; = twith | V; |= n, and T (V;) is obtained from the complete graph
K, by removing all pairs {u, v} satisfying u + v = 0. From Lemma 3.6, the number of

forp = 2.

. . . (n-1)
such pairs is g Since | E(Ky) 1= (3), we obtain | E(T(V)) 1= (3) — g = % —% =

n(nz—z) m
The distance distribution results show that although the graph is not complete, its

diameter remains bounded (at most 3), indicating that the graph exhibits small-world
properties. This is particularly important in the context of topological indices
applications.

4. Wiener, Harary, and Szeged Index
In this section, the Wiener, Harary, and Szeged index are computed for each component
T (V;) based on the distance distributions obtained previously.
a. Wiener Index
Definition 3.6 (Wiener, 1947)
Let G be a simple and connected graph. The Wiener index is defined as

W(G) = 2 d(u, v).
{uv}cv(c)

Using the distance distribution, we obtain

W(G) = Z k- N (G).

k=1

Theorem 3.5. Letp =2, k>2,and | V;|I=n=2F1fori€ {0,1}. Then the Wiener
2_ 2
index for each component T'(V;) is given by W (T (V,)) = nTZ and W(T (V) = n?

Proof. From Lemma 3.2 and Lemma 3.5, the distances in V,, and V; take only the values
1 or 2.

For the component Vy, from Lemma 3.3 we have N,(T(Vy)) = nT_Z Thus, N, (T (Vy)) =
(721) — No(T(Vy)). Hence,
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w(T Vo) = 2 d(u,v) = Z k- Ne(T Vo)) = Ni(T (Vo)) + 2N, (T (V)
{fuvycv(Ty)) k=21
= ()~ M@ 0) + 20,7 0) = () + Na(T )
nn—-1) n-2 n*-2
2 2 2

For the component V;, from Lemma 3.6 we have N,(7(V;)) = %,Nl(T(Vl)) =) -
No(7(Vy)). Thus,

w(T(V)) = Z d(u,v) = Z kN (T (V) = Ny (T (VD) + 2N, (T (V)

{fuvicv(T(vy)) k21
(n—1)
= (Tzl) — No(T (V) + 2N,(T (V) = (Z) + N,(T(V) = % g
nZ

Thus, the theorem is proved. B

Theorem 3.6. Let p be an odd prime number, k > 2, and i € {0,1,2, ...,pT_l} with | T |=
n=pk 1. IfVy=0fori=0andV; =1U=ifori > 1, then the Wiener index of each
component T'(V;) is given by W(T'(Vy)) = n22—1 and W (T (V;)) = 3n?fori > 1.

Proof. On the component V, = 0, for every pair of distinct vertices u, v € V,, the distance
takes only the values 1 or 2, with d(u,v) =2 < u+ v = 0. The number of pairs at

distance 2 is NZ(T(VO)) =n7_1, while the total number of pairs is (’21) Hence,
N, (T(Vp)) = (5) — No(T (Vp)). Thus,

w(T Vo) = Z d(u,v) = z k- Ne(T(V) = Ny (T (Vo)) + 2N,(T (Vy))
{fuvycv(Ty)) k21
= (5) - Ma(T00) + 2N, (7)) = () + Mo(T ()
_nn-1) n-1 n*-1
2 2 2

For the component V; = T U =1, the distance distribution is givenby N; = n(n — 1), N, =
n(n — 1), N3 = n. Hence, the Wiener index is

WEW)= Y dww) = ) k-N(T0D)
{fuvicv(T(vy) k=1
=N, (T(V))) + 2N, (T (V) + 3N5(T (V) =n(n—1) + 2n(n— 1) + 3n
=3n(n—1) + 3n = 3n2
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Thus, the theorem is proved. B
Theorem 3.7. Let p be a prime number, k > 2, and let T(Zpk)be the total graph, with

the convention that d(u,v) = oo for any pair of vertices that are not connected and
w (T(Zpk)) is defined on a not connected graph. Then W* (T(Zpk)) = oo,

Proof. From Corollary 3.2, the graph T(Zpk) is disconnected, so there exist pairs of
vertices u, v belonging to different components. For such pairs, d(u,v) = oo. Since
w (T (Zpk)) = ) gVd(u, V), the presence of even a single term equal to oo makes

the entire sum equal to co. B

Example 3.5. Consider the ring Z,, where p = 3 and k = 2. Then n = p*¥~! = 3. The
total graph T (Zy) consists of two connected components, namely 7' (V) and T (V;). For
the component 7' (1), the distance distribution is N; = 2, N, = 1. Hence, W(T(VO)) =

1-N;+2-N,=1(2) +2(1) = 4 which agrees with Theorem 3.6, W(T(VO)) = % =

9-1
— =4,
2

For the component 7 (V; ), the distance distributionis N; = 6, N, = 6, N; = 3. Therefore,
W(T(Vy)) = 1(6) + 2(6) + 3(3) = 6 + 12 + 9 = 27 which is identical to W (T (V) =
3n? = 3(9) = 27. Since T (Zy) is disconnected, every pair of vertices belonging to
different connected components has distance d(u, v) = oo. Consequently, W*(T(Zg)) =
oo, which confirms the global Wiener index formula given in Theorem 3.7.

The obtained Wiener index formulas differ from those reported for conventional total
graphs in previous studies, where adjacency is defined using the zero-divisor set
including zero. Under the nonzero zero-divisor definition adopted in this study, edges
joining additive inverse pairs are removed, increasing the shortest-path distances for
selected vertex pairs. Consequently, the Wiener index explicitly reflects the structural
modification introduced by the revised adjacency relation while preserving a quadratic
dependence on the coset size n.

The quadratic growth of the Wiener index is a direct consequence of the coset partition.
Although the graph diameter remains bounded, the number of vertex pairs increases
quadratically with the coset size. Consequently, the total distance is governed primarily
by the algebraic multiplicity of each coset rather than by the graph diameter itself.
Harary Index

Definition 3.7. (Plavsic¢ et al., 1993)

Let G be a simple graph. The Harary index is defined as

1
d(u,v)’

{uv}cV(G), u#v

H(G) =

Using the distance distribution, we obtain
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1
H(G) = z; Ne(®).

k=1

Theorem 3.8. Letp =2,k >2,and | V; |=n = 2k fori € {0,1}. The Harary index of
and H(T (1)) = 222

Proof. From Lemma 3.2, the distances in V, and V; take only the values 1 or 2.

For the component V), from Lemma 3.3 we have NZ(T(VO)) = nz;z,Nl(T(Vo)) = (721) —

N, (T (Vy)). Thus,

n?-3n+2

each component is given by H(T(VO)) =2

1 1 1
H(T (Vo)) = Ty = ) RN 00) = N(T1V) + 5 Na(T (Vo)
{uvicv(T(Vp)) k=21
1 1
= ()~ M) + 50T W) = () ~ 5 M7 V)
_n(n-1) n-2 2n(n—-1)-(m—-2) 2n*-3n+2
T2 4 4 N 4 '

For the component V;, from Lemma 3.6 we have N,(T(V;)) = g,Nl(T(Vl)) = (72‘) —
N, (T (V;)). Thus,

1 1 1
H(T () = = ) RN W) = M(TED)) +5N,(T0)
{uvicv (7)) k=21
1 1 -1
_ (721) — Ny (T (V) + 5 No(T () = (Z) S N(T ) = % _ %
_2n(n—-1)-n _2n®-3n
B 4 T4

Thus, the theorem is proved. &

Theorem 3.9. Let p be an odd prime, k > 2,and i € {0,1,2, ...,pT_l} with|T|=n= p"‘l.
IfVy=0andV; =1tU=tfori = 1, then the Harary index of each component is given by
H(T (V) = SR and H(T (V) =
Proof. On the component V,, distances take only the values 1 and 2, with N, = nT_l ,N; =

(}) — N.. Hence,

9nZ-7n

fori > 1.
6
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1 1 1
H(T(VO)) = d(u,v) = ENR(T(VO)) = N1(T(V0)) + ENZ(T(VO))
fuvicv(T(Vy)) k=1
1 1
= () - M) +5MT0)) = (3) - 5M(70)
- nn-1) 1 n-1 nn-1) n-1 ®-1D@Zn-1)
2 2 2 2 & - 4

_3(n?-1)
==

For the component V;, the distance distributionis Ny = n(n — 1), N, =n(n—1),N; = n.
Thus,

1 —
d(u,v)
{uvicv(T(vy) k=1

1 1
= Nl(T(VL)) + ENZ(T(VL)) + §N3(T(Vl))

H(T(W)) = %Nk(T(Vi))

_ 1 +1 1+1 3 1+1 _In(n—1)+2n
=nn-—1) 2n(n ) 3n—2n(n ) 3n— G

_9n2—9n+2n_9n2—7n
B 6 B 6

Thus, the theorem is proved. B
Theorem 3.10. Let p be a prime number, k = 2, andn = pk‘l. Assuming d(u,v) = ©

2_ - — -
L =O,thenwforp=zandw+p_l.
d(u,v) 2 2

for disconnected pairs so that

In?-7n
6
Proof. Since disconnected vertex pairs contribute zero, the global Harary index is the

sum over all connected components H (T(Zpk)) = ZiH(T(Vl-)).

for odd p.

For p = 2, the graph has two components V/, and V;. From previous results,

2n%2 —3n+2 2n% —3n
H(T (V) =———— H(T () =———
Thus,

4n’>—6n+2 2n°-3n+1
H (T () = 7 = —

For odd p, the graph consists of one component V, and 2=1 identical components V; for
2

i > 1. Using previous results,

n—1)2n-1
4

9n?% —7n
6

H(TWVy)) = ( ),H(T(Vi)) =
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Hence,
_(-D@n-1) p-1 9n*-7n
H(T(Z,)) = n b

Thus, the theorem is proved. B
Example 3.6. Consider the ring Zo, where p = 3 and k = 2. Thenn = p*~! = 3. For the

component T (V,), N; = 2,N, = 1. Thus, H(T(VO)) = % + % =2+ % = g This agrees

with H(T(Vy)) = (n_l)izn_l) = (21(5) = g For the component 7(V;), N, =6,N, =

6, N3 = 3. Hence, H(T (V1)) = 3 +2+2 = 6 + 3 + 1 = 10, which is equal to H(T (1)) =

MTn 9B 2 10, Therefore, H(T(Zo)) = H(T(Ve)) + H(T () =2+ 10 =2,

confirming the global formula given in Theorem 3.10.
Since the Harary index is inversely proportional to vertex distances, the removal of
additive inverse edges produces smaller reciprocal-distance contributions than in
conventional total graphs. Nevertheless, the explicit formulas show that the graph
remains highly compact because most vertex pairs are still connected by paths of length
at most three.
The Harary index confirms that the graph preserves strong metric cohesion despite the
removal of specific edges. Since reciprocal distances assign greater weight to nearby
vertices, the dominance of distances one and two results in relatively large Harary
values for every connected component.

c. Szeged Index
Definition 3.8. (Khadikar et al., 1995)
Let G be a simple and connected graph. For each edge uv € E(G), define n, (uv) =| {w €
V(G)ldw,u) <dw,v)}| dan n,(uv)=l{weV(G)|dw,v)<dw,u)}l. The
Szeged index is defined as

Sz(G) = Z n, (uv) n,(uv).
uveE(G)

Theorem 3.11. Let p be a prime number, k > 2,andn = p*~*.Let Vy = 0  Z, and let
T (V) be the subgraph induced by V,. Then the Szeged index of 7 (V,) is given by
Sz(T(Vy)) = 2n? —6n + 1 for p = 2 and Sz(T (V) = 2(n — 1)(n — 2) for odd p.
Proof. From Proposition 3.4, the graph 7' (V,) is obtained from the complete graph K,
by removing all edges connecting pairs {u, —u}. For each edge uv € E(T'(V,)), its
contribution to the Szeged index depends on the number of vertices closer to uthan to
v, and vice versa. Due to the non-uniform structure, edges are classified as follows:
1) Letu,v # 0 withu + v # 0. For every vertex w # u, v, only two vertices contribute
asymmetrically, namely w = —u and w = —v. In this case, n, = 2, n, = 2, so each
such edge contributes 4.
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2) Without loss of generality, let u = 0 and v # 0. The distance analysis shows that
exactly one vertex is closer to each endpoint (besides the endpoints themselves),
giving n,, = 2, n, = 1, so each such edge contributes 2.

3) For p = 2, there exists exactly one nonzero element satisfying u = —u. For edges
involving this element, all other vertices are equidistant from both endpoints, so
n, =n, = 1, and the contribution is 1.

(n—

1)2
> for p odd and |

From Lemma 3.4, the number of edges in T (V) is | E(T(VO)) |=

n?-2n+2

E(TWVy) 1= — —forp=2.
Summing contributions for each edge type.
Forp = 2,
Sz(T(Vy)) = Z n, (uv) n, (uv)
uwveE(T(Vy))
n? —2n+2
= f—(n—l)—l 4+ (nm—-2)-24+1=2n*—-6n+1
For odd p,
(n—1)°
Sz(T(Vy)) = Z n, (W) n,(uv) = — - m—-1)-4+n—-1)-2
uveE(T (Vo))
=2(n—1Dn-2).

Thus, the closed form is obtained. l
Theorem 3.12. Let p be a prime number, k > 2, and n = p*~1. Foreachi € {1,2, ..., [p/

2|}, letV; = tU =1, and let T'(V;)be the induced subgraph. Then Sz(f]"(Vi)) = @ for
p = 2and Sz(T(V;)) = (n? —n)(n — 1)? for odd p.

Proof. For p = 2, V; consists of a single coset with | V; |= n. From Proposition 3.4 and
Lemma 3.7, T(V;) is obtained from K,, by removing all pairs satisfying u + v = 0, giving

|E(TWV) 1= () - % = n(nz_z). For any edge uv, every other vertex satisfies d(w,u) =

d(w,v) = 1, so only u and v contribute, giving n,, = 1, n, = 1. Each edge contributes 1,

hence SZ(T(VL-)) = n(nz_z). For odd p, from Proposition 3.5 and Lemma 3.7, T(V;) is a

complete bipartite graph K, , with n edges removed, so | E(7(V;)) |= n? — n. For any

edgeuvwithu €, v € =t,andu + v # O:
1) Ifwer\ {u},thend(w,u) = 2,d(w,v) = 1,sow is closer to v.
2) Ifwe=1\{v}, thend(w,u) =1,d(w,v) = 2,sow is closer to u.

Thus, n, =n—1,n,=n—1, and each edge contributes (n—1)? . Therefore,

Sz(T(WV) =m?*—n)(n—1)2. 1

Theorem 3.13. Let p be a prime number, k > 2,n = p*~1, and let T(Zpk) be the total

graph. Assuming disconnected pairs do not contribute to the Szeged index, then
(n-2)

Sz (T(Zpk)) =@2n* -6n+1)+ % for p=2 and Sz (T(Zpk)) =2(n—-1Dn-

2) + 2= (n? — n)(n — 1) for odd p.
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Proof. The graph 7' (Z,«) is disconnected and decomposes into disjoint components:
1) Forp = 2: two components T (V) and T (V;),

2) For odd p: one component 7' (V,) and pT_l identical components 7' (V;),i = 1.

Since the Szeged index is additive over disconnected components, Sz (T (Zpk)) =

5z(T(Vo)) + X ,.,S2(T(V})). Substituting the previously derived formulas gives the
desired result. B

Example 3.7. Consider the ring Zo,, where p = 3 and k = 2. Thenn = p*~! = 3. For the
component T (V,), the graph contains two edges, namely (0,3) and (0,6). For each edge,
n, = 2,n, = 1, so the contribution of each edge is n,n, = 2. Hence, SZ(T(VO)) =2+
2 =4, which agrees with Sz(T(Vp)) =2(n—1)(n—2) =2(2)(1) = 4. For the
component T (V;), there are six edges: (1,2), (1,5), (4,2), (4,8), (7,5), (7,8). For each
edge, direct computation from Definition 3.8 gives n, = 2,n, = 2, so each edge
contributes n,n, = 4. Therefore, SZ(T (Vl)) = 6 X 4 = 24, which agrees with Theorem
3.12, Sz(T (V) = (n* —n)(n — 1)? = (9 — 3)(2%) = 6 X 4 = 24. Finally, Sz(T(Z,)) =
Sz(T (Vo)) + Sz(T(V4)) = 4 + 24 = 28, which is exactly the value obtained from the
global formula in Theorem 3.13.

Unlike the Wiener and Harary indices, the Szeged index captures the relative position of
vertices with respect to every edge. Therefore, it is particularly sensitive to the
structural changes produced by deleting edges between additive inverse pairs. To the
best of our knowledge, these closed-form formulas constitute the first explicit Szeged
index for total graphs over Z,* constructed from the set of nonzero zero divisors,
thereby extending the family of algebraically defined graphs whose Szeged index is
known.

The Szeged index reveals structural information that cannot be captured solely by
shortest-path distances. Because it depends on the partition of vertices relative to every
edge, the index reflects the symmetry induced by the coset decomposition and the
systematic removal of additive inverse edges. Consequently, the obtained formulas
characterize not only the metric properties but also the global positional organization of
the graph.

D. CONCLUSION AND SUGGESTIONS

In this study, the total graph over Z,* defined by the set of nonzero zero divisors has been
characterized using an algebraic approach based on canonical homomorphisms and coset
decomposition. The resulting graph decomposition, distance distribution, and closed-form
formulas for the Wiener, Harary, and Szeged indices show that the algebraic structure of Zpk
directly determines the graph's metric and topological properties. Unlike conventional total
graph constructions that include zero as a zero divisor, the proposed definition yields different
graph decompositions, distance distributions, and topological index formulas. In particular, this
study establishes the first closed-form formula for the Szeged index of this class of total graph:s.
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These results extend existing studies on algebraic graphs and provide a foundation for
investigating other finite rings and topological graph indices.
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  p = 2


  k ≥ 2


  ∣   V  i ∣ = n =  2  k − 1


  i ∈ { 0 , 1 }


  𝒯 (   V  i )


  W  ( 𝒯  (   V 0 ) ) =     n 2 − 2 2


  W  ( 𝒯  (   V 1 ) ) =     n 2 2 .


    V 0


    V 1


    V 0


    N 2 ( 𝒯 (   V 0 ) ) =   n − 2 2 .


    N 1  ( 𝒯  (   V 0 ) ) =  (   n 2 ) −   N 2  ( 𝒯  (   V 0 ) ) .


  W  ( 𝒯  (   V 0 ) ) =   ∑   { u , v } ⊆ V  ( 𝒯  (   V 0 ) )  d  ( u , v ) =   ∑  k ≥ 1  k ⋅   N  k  ( 𝒯  (   V 0 ) ) =   N 1  ( 𝒯  (   V 0 ) ) + 2   N 2  ( 𝒯  (   V 0 ) ) =  (   n 2 ) −   N 2  ( 𝒯  (   V 0 ) ) + 2   N 2  ( 𝒯  (   V 0 ) ) =  (   n 2 ) +   N 2  ( 𝒯  (   V 0 ) ) =   n ( n − 1 ) 2 +   n − 2 2 =     n 2 − 2 2 .


    V 1


    N 2  ( 𝒯  (   V 1 ) ) =   n 2 ,   N 1  ( 𝒯  (   V 1 ) ) =  (   n 2 ) −   N 2  ( 𝒯  (   V 1 ) ) .


  W  ( 𝒯  (   V 1 ) ) =   ∑   { u , v } ⊆ V  ( 𝒯  (   V 1 ) )  d  ( u , v ) =   ∑  k ≥ 1  k ⋅   N  k  ( 𝒯  (   V 1 ) ) =   N 1  ( 𝒯  (   V 1 ) ) + 2   N 2  ( 𝒯  (   V 1 ) ) =  (   n 2 ) −   N 2  ( 𝒯  (   V 1 ) ) + 2   N 2  ( 𝒯  (   V 1 ) ) =  (   n 2 ) +   N 2  ( 𝒯  (   V 1 ) ) =   n  ( n − 1 ) 2 ​ +   n 2 ​ =     n 2 2 ​ .


  ■


  p


  k ≥ 2


  i ∈ { 0 , 1 , 2 , … ,   p − 1 2 }


  ∣   i ‾ ∣ = n =   p  k − 1


    V 0 =  0 ‾


  i = 0


    V  i =   i ‾ ∪   − i -


  i ≥ 1


  𝒯  (   V  i )


  W  ( 𝒯  (   V 0 ) ) =     n 2 − 1 2


    W ( 𝒯 (   V  i ) ) = 3   n 2  for  i ≥ 1 .


    V 0 =  0 ‾


  u , v ∈   V 0


  d ( u , v ) = 2    ⟺    u + v = 0 .


    N 2  ( 𝒯  (   V 0 ) ) =   n − 1 2


   (   n 2 )


    N 1  ( 𝒯  (   V 0 ) ) =  (   n 2 ) −   N 2  ( 𝒯  (   V 0 ) ) .


  W  ( 𝒯  (   V 0 ) ) =   ∑   { u , v } ⊆ V  ( 𝒯  (   V 0 ) )  d  ( u , v ) =   ∑  k ≥ 1  k ⋅   N  k  ( 𝒯  (   V 0 ) ) =   N 1  ( 𝒯  (   V 0 ) ) + 2   N 2  ( 𝒯  (   V 0 ) ) =  (   n 2 ) −   N 2  ( 𝒯  (   V 0 ) ) + 2   N 2  ( 𝒯  (   V 0 ) ) =  (   n 2 ) +   N 2  ( 𝒯  (   V 0 ) ) =   n ( n − 1 ) 2 +   n − 1 2 =     n 2 − 1 2 .


    V  i =   i ‾ ∪   − i -


    N 1 = n ( n − 1 ) ,   N 2 = n ( n − 1 ) ,   N 3 = n .


  W  ( 𝒯  (   V  i ) ) =   ∑   { u , v } ⊆ V  ( 𝒯  (   V  i ) )  d  ( u , v ) =   ∑  k ≥ 1  k ⋅   N  k  ( 𝒯  (   V  i ) ) =   N 1  ( 𝒯  (   V  i ) ) + 2   N 2  ( 𝒯  (   V  i ) ) + 3   N 3  ( 𝒯  (   V  i ) ) = n ( n − 1 ) + 2 n ( n − 1 ) + 3 n = 3 n ( n − 1 ) + 3 n = 3   n 2 .


  ■


  p


  k ≥ 2


  𝒯  (  ℤ    p  k )


  d ( u , v ) = ∞


    W ∗  ( 𝒯  (  ℤ    p  k ) )


    W ∗  ( 𝒯  (  ℤ    p  k ) ) = ∞ .


  𝒯  (  ℤ    p  k )


  u , v


  d ( u , v ) = ∞


  W  ( 𝒯  (  ℤ    p  k ) ) =   ∑  { u , v } ⊆ V  d ( u , v ) ,


  ∞


  ∞


  ■


  p = 3


  k = 2


  n =   p  k − 1 = 3 .


  𝒯  (  ℤ 9 )


  𝒯 (   V 0 )


  𝒯  (   V 1 )


  𝒯  (   V 0 )


    N 1 = 2 ,   N 2 = 1 .


  W  ( 𝒯  (   V 0 ) ) = 1 ⋅   N 1 + 2 ⋅   N 2 = 1  ( 2 ) + 2  ( 1 ) = 4


  W  ( 𝒯  (   V 0 ) ) =     n 2 − 1 2 =   9 − 1 2 = 4 .


  𝒯  (   V 1 )


    N 1 = 6 ,   N 2 = 6 ,   N 3 = 3 .


  W  ( 𝒯  (   V 1 ) ) = 1  ( 6 ) + 2  ( 6 ) + 3  ( 3 ) = 6 + 12 + 9 = 27


  W  ( 𝒯  (   V 1 ) ) = 3   n 2 = 3 ( 9 ) = 27 .


  𝒯 (  ℤ 9 )


  d ( u , v ) = ∞ .


    W ∗  ( 𝒯  (  ℤ 9 ) ) = ∞ ,


  n


  G


  H ( G ) =   ∑  { u , v } ⊆ V ( G ) ,   u ≠ v   1  d ( u , v ) .


  H ( G ) =   ∑  k ≥ 1   1  k     N  k ( G ) .


  p = 2


  k ≥ 2


  ∣   V  i ∣ = n =  2  k − 1


  i ∈ { 0 , 1 }


  H  ( 𝒯  (   V 0 ) ) =   2   n 2 − 3 n + 2 4


  H  ( 𝒯  (   V 1 ) ) =   2   n 2 − 3 n 4 .


    V 0


    V 1


    V 0


    N 2  ( 𝒯  (   V 0 ) ) =   n − 2 2 ,   N 1  ( 𝒯  (   V 0 ) ) =  (   n 2 ) −   N 2  ( 𝒯  (   V 0 ) ) .


  H  ( 𝒯  (   V 0 ) ) =   ∑   { u , v } ⊆ V  ( 𝒯  (   V 0 ) )   1  d  ( u , v ) =   ∑  k ≥ 1   1  k   N  k  ( 𝒯  (   V 0 ) ) =   N 1  ( 𝒯  (   V 0 ) ) +  1 2   N 2  ( 𝒯  (   V 0 ) ) =  (   n 2 ) −   N 2  ( 𝒯  (   V 0 ) ) +  1 2   N 2  ( 𝒯  (   V 0 ) ) =  (   n 2 ) −  1 2   N 2  ( 𝒯  (   V 0 ) ) =   n  ( n − 1 ) 2 −   n − 2 4 =   2 n  ( n − 1 ) −  ( n − 2 ) 4 =   2   n 2 − 3 n + 2 4 .


    V 1


    N 2 ( 𝒯 (   V 1 ) ) =   n 2 ,   N 1 ( 𝒯 (   V 1 ) ) =  (   n 2 ) −   N 2 ( 𝒯 (   V 1 ) ) .


  H  ( 𝒯  (   V 1 ) ) =   ∑   { u , v } ⊆ V  ( 𝒯  (   V 1 ) )   1  d  ( u , v ) =   ∑  k ≥ 1   1  k   N  k  ( 𝒯  (   V 1 ) ) =   N 1  ( 𝒯  (   V 1 ) ) +  1 2   N 2  ( 𝒯  (   V 1 ) ) =  (   n 2 ) −   N 2  ( 𝒯  (   V 1 ) ) +  1 2   N 2  ( 𝒯  (   V 1 ) ) =  (   n 2 ) −  1 2   N 2  ( 𝒯  (   V 1 ) ) =   n  ( n − 1 ) 2 −   n 4 =   2 n  ( n − 1 ) − n 4 =   2   n 2 − 3 n 4 .


  ■


  p


  k ≥ 2


  i ∈ { 0 , 1 , 2 , … ,   p − 1 2 }


  ∣   i ‾ ∣ = n =   p  k − 1


    V 0 =  0 ‾


    V  i =   i ‾ ∪   − i -


  i ≥ 1


  H  ( 𝒯  (   V 0 ) ) =    ( n − 1 ) ( 2 n − 1 ) 4


  H  ( 𝒯  (   V  i ) ) =   9   n 2 − 7 n 6  for  i ≥ 1 .


    V 0


    N 2 =   n − 1 2 ,   N 1 =  (   n 2 ) −   N 2 .


  H  ( 𝒯  (   V 0 ) ) =   ∑   { u , v } ⊆ V  ( 𝒯  (   V 0 ) )   1  d  ( u , v ) =   ∑  k ≥ 1   1  k   N  k  ( 𝒯  (   V 0 ) ) =   N 1  ( 𝒯  (   V 0 ) ) +  1 2   N 2  ( 𝒯  (   V 0 ) ) =  (   n 2 ) −   N 2  ( 𝒯  (   V 0 ) ) +  1 2   N 2  ( 𝒯  (   V 0 ) ) =  (   n 2 ) −  1 2   N 2  ( 𝒯  (   V 0 ) ) =   n ( n − 1 ) 2 −  1 2 ⋅   n − 1 2 =   n ( n − 1 ) 2 −   n − 1 4 =    ( n − 1 ) ( 2 n − 1 ) 4 =   3 (   n 2 − 1 ) 4


    V  i


    N 1 = n ( n − 1 ) ,   N 2 = n ( n − 1 ) ,   N 3 = n .


  H  ( 𝒯  (   V  i ) ) =   ∑   { u , v } ⊆ V  ( 𝒯  (   V  i ) )   1  d  ( u , v ) =   ∑  k ≥ 1   1  k   N  k  ( 𝒯  (   V  i ) ) =   N 1  ( 𝒯  (   V  i ) ) +  1 2   N 2  ( 𝒯  (   V  i ) )   +  1 3   N 3  ( 𝒯  (   V  i ) ) = n ( n − 1 ) +  1 2 n ( n − 1 ) +  1 3 n =  3 2 n ( n − 1 ) +  1 3 n =   9 n ( n − 1 ) + 2 n 6 =   9   n 2 − 9 n + 2 n 6 =   9   n 2 − 7 n 6


  ■


  p


  k ≥ 2


  n =   p  k − 1


  d ( u , v ) = ∞


   1  d ( u , v ) = 0


    2   n 2 − 3 n + 1 2


  p = 2


     ( n − 1 ) ( 2 n − 1 ) 4 +   p − 1 2 ⋅   9   n 2 − 7 n 6


  p


  H  ( 𝒯  (  ℤ    p  k ) ) =   ∑  i  H  ( 𝒯  (   V  i ) ) .


  p = 2


    V 0


    V 1


  H  ( 𝒯  (   V 0 ) ) =   2   n 2 − 3 n + 2 4 , H  ( 𝒯  (   V 1 ) ) =   2   n 2 − 3 n 4 .


  H  ( 𝒯  (  ℤ   2  k ) ) =   4   n 2 − 6 n + 2 4 =   2   n 2 − 3 n + 1 2 .


 


  p


    V 0


    p − 1 2


    V  i


  i ≥ 1


  H  ( 𝒯  (   V 0 ) ) =    ( n − 1 ) ( 2 n − 1 ) 4 , H  ( 𝒯  (   V  i ) ) =   9   n 2 − 7 n 6 .


  H  ( 𝒯  (  ℤ    p  k ) ) =    ( n − 1 ) ( 2 n − 1 ) 4 +   p − 1 2 ⋅   9   n 2 − 7 n 6 .


  ■


   ℤ 9


  p = 3


  k = 2


  n =   p  k − 1 = 3


  𝒯 (   V 0 )


    N 1 = 2 ,   N 2 = 1 .


  H  ( 𝒯  (   V 0 ) ) =     N 1 1 +     N 2 2 = 2 +  1 2 =  5 2


  H  ( 𝒯  (   V 0 ) ) =    ( n − 1 ) ( 2 n − 1 ) 4 =    ( 2 ) ( 5 ) 4 =  5 2 .


  𝒯 (   V 1 )


    N 1 = 6 ,   N 2 = 6 ,   N 3 = 3 .


  H  ( 𝒯  (   V 1 ) ) =  6 1 +  6 2 +  3 3 = 6 + 3 + 1 = 10


  H  ( 𝒯  (   V 1 ) ) =   9   n 2 − 7 n 6 =   81 − 21 6 = 10 .


  H  ( 𝒯  (  ℤ 9 ) ) = H  ( 𝒯  (   V 0 ) ) + H  ( 𝒯  (   V 1 ) ) =  5 2 + 10 =  25 2 ,


  G


  u v ∈ E ( G )


    n  u ( u v ) = ∣ { w ∈ V ( G ) ∣ d ( w , u ) < d ( w , v ) } ∣


    n  v ( u v ) = ∣ { w ∈ V ( G ) ∣ d ( w , v ) < d ( w , u ) } ∣ .


  S z ( G ) =   ∑  u v ∈ E ( G )    n  u ( u v )     n  v ( u v ) .


  p


  k ≥ 2


  n =   p  k − 1


    V 0 =  0 ‾ ⊂  ℤ    p  k


  𝒯 (   V 0 )


    V 0


  𝒯 (   V 0 )


  S z  ( 𝒯  (   V 0 ) ) = 2   n 2 − 6 n + 1


  p = 2


  S z  ( 𝒯  (   V 0 ) ) = 2 ( n − 1 ) ( n − 2 )


  p


  𝒯 (   V 0 )


    K  n


   { u , − u }


  u v ∈ E  ( 𝒯  (   V 0 ) )


  u


  v


  u , v ≠ 0


  u + v ≠ 0


  w ≠ u , v


  w = − u


  w = − v


    n  u = 2


    n  v = 2


  4


  u = 0


  v ≠ 0


    n  u = 2


    n  v = 1


  2


  p = 2


  u = − u


    n  u =   n  v = 1


  1


  𝒯 (   V 0 )


  ∣ E  ( 𝒯  (   V 0 ) ) ∣ =      ( n − 1 ) 2 2


  p


  ∣ E  ( 𝒯  (   V 0 ) ) ∣ =     n 2 − 2 n + 2 2


  p = 2 .


  p = 2


  S z  ( 𝒯  (   V 0 ) ) =   ∑  u v ∈ E  ( 𝒯  (   V 0 ) )    n  u  ( u v )     n  v  ( u v ) =  (     n 2 − 2 n + 2 2 − ( n − 1 ) − 1 ) ⋅ 4 +  ( n − 2 ) ⋅ 2 + 1 = 2   n 2 − 6 n + 1


  p


  S z  ( 𝒯  (   V 0 ) ) =   ∑  u v ∈ E  ( 𝒯  (   V 0 ) )    n  u  ( u v )     n  v  ( u v ) =  (      ( n − 1 ) 2 2 − ( n − 1 ) ) ⋅ 4 +  ( n − 1 ) ⋅ 2 = 2 ( n − 1 ) ( n − 2 ) .


  ■


  p


  k ≥ 2


  n =   p  k − 1


  i ∈ { 1 , 2 , … , ⌊ p / 2 ⌋ }


    V  i =   i ‾ ∪   − i -


  𝒯 (   V  i )


  S z  ( 𝒯  (   V  i ) ) =   n ( n − 2 ) 2


  p = 2


  S z  ( 𝒯  (   V  i ) ) =  (   n 2 − n )   ( n − 1 ) 2


  p


  p = 2


    V  i


  ∣   V  i ∣ = n


  𝒯 (   V  i )


    K  n


  u + v = 0


  ∣ E  ( 𝒯  (   V  i ) ) ∣ =  (   n 2 ) −   n 2 =   n ( n − 2 ) 2 .


  u v


  d ( w , u ) = d ( w , v ) = 1


  u


  v


    n  u = 1


    n  v = 1


  S z  ( 𝒯  (   V  i ) ) =   n ( n − 2 ) 2 .


  p


  𝒯  (   V  i )


    K  n , n


  n


  ∣ E  ( 𝒯  (   V  i ) ) ∣ =   n 2 − n .


  u v


  u ∈   i ‾


  v ∈   − i -


  u + v ≠ 0


  w ∈   i ‾ ∖ { u }


  d ( w , u ) = 2


  d ( w , v ) = 1


  w


  v


  w ∈   − i - ∖ { v }


  d ( w , u ) = 1


  d ( w , v ) = 2


  w


  u


    n  u = n − 1 ,   n  v = n − 1 ,


     ( n − 1 ) 2


  S z ( 𝒯 (   V  i ) ) = (   n 2 − n ) ( n − 1  ) 2 . ■


  p


  k ≥ 2


  n =   p  k − 1


  𝒯  (  ℤ    p  k )


  S z  ( 𝒯  (  ℤ    p  k ) ) = ( 2   n 2 − 6 n + 1 ) +   n ( n − 2 ) 2


  p = 2


  S z  ( 𝒯  (  ℤ    p  k ) ) = 2 ( n − 1 ) ( n − 2 ) +   p − 1 2 (   n 2 − n )   ( n − 1 ) 2


  p


  𝒯 (  ℤ    p  k )


  p = 2


  𝒯 (   V 0 )


  𝒯 (   V 1 )


  p


  𝒯 (   V 0 )


    p − 1 2


  𝒯 (   V  i )


  i ≥ 1


  S z  ( 𝒯  (  ℤ    p  k ) ) = S z  ( 𝒯  (   V 0 ) ) +   ∑  i ≥ 1  S z  ( 𝒯  (   V  i ) ) .


  ■


   ℤ 9


  p = 3


  k = 2


  n =   p  k − 1 = 3


  𝒯 (   V 0 )


  ( 0 , 3 )


  ( 0 , 6 )


    n  u = 2 ,   n  v = 1 ,


    n  u   n  v = 2 .


  S z  ( 𝒯  (   V 0 ) ) = 2 + 2 = 4


  S z  ( 𝒯  (   V 0 ) ) = 2 ( n − 1 ) ( n − 2 ) = 2 ( 2 ) ( 1 ) = 4 .


  𝒯 (   V 1 )


  ( 1 , 2 ) ,    ( 1 , 5 ) ,    ( 4 , 2 ) ,    ( 4 , 8 ) ,    ( 7 , 5 ) ,    ( 7 , 8 ) .


    n  u = 2 ,   n  v = 2 ,


    n  u   n  v = 4 .


  S z  ( 𝒯  (   V 1 ) ) = 6 × 4 = 24


  S z  ( 𝒯  (   V 1 ) ) = (   n 2 − n ) ( n − 1  ) 2 = ( 9 − 3 ) (  2 2 ) = 6 × 4 = 24 .


  S z  ( 𝒯  (  ℤ 9 ) ) = S z  ( 𝒯  (   V 0 ) ) + S z  ( 𝒯  (   V 1 ) ) = 4 + 24 = 28 ,

