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	Graph theory can give a representation of abstract mathematical systems such as groups or rings. We have many graph representations for a group, in this study we use the coprime graph representation for a generalized quaternion group to find the numerical invariants of the graph, which are the clique number and the chromatic number. The main results obtained from this study are the clique number of the coprime graph representation for the generalized quaternion group is equal to the chromatic number of the coprime graph representation for the generalized quaternion group for each case of  . This result will give a new sight into abstract algebra with a visualization of the group elements.
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A. INTRODUCTION 
Graph theory is a useful tool to describe a real-world problem as a mathematics problem, so the solution can be found easily.  In recent years, a graph can give a representation of abstract mathematical systems such as groups or rings. With graphs, we can give meaning to groups or rings, such as the visualization of groups or rings and we can define the distance between the elements of groups or rings.  We have many graph representations for a group, such as the coprime graph (Alimon et al., 2020; Ma et al., 2014), the non-coprime graph(Mansoori et al., 2016), the intersection graph (Akbari et al., 2015), and the power graph (Abawajy et al., 2013; Aşkin & Büyükköse, 2021; Chelvam & Sattanathan, 2013).
There have been several studies regarding coprime graphs from finite groups such as coprime graphs and non-coprime graphs from the generalized quaternion group (Nurhabibah, et al., 2021), the dihedral group (Syarifudin, et al., 2021)(Gazir S et al., 2020), and representation of non-coprime graphs from an integer modulo (Masriani et al., 2020; Misuki et al., 2021) and non-coprime graph of the generalized quaternion group (Nurhabibah et al., 2022).  Other popular studies in graph representation are the intersection graph for the dihedral group (Nurhabibah et al., 2021; Ramdani et al., 2022) and the power graph for the dihedral group (Asmarani et al., 2021) and integer modulo group (Syechah et al., 2022). 
Based on the study of the coprime graph on generalized quaternion group and the search for clique number and chromatic number (Husni et al., 2022; Mazorodze et al., 2016; Syarifudin, et al., 2021; Zhong, 2012) it can be analyzed further about the properties of the graph. In this study, the authors analyze the clique number and chromatic number of the coprime graph of the generalized quaternion group ().
The result of this study will make an abstract mathematical system, such as groups, had a physical visual by representing it as a graph.  Then we can define a shape of a group, the distance between elements in a group, and the connectivity in a group.  This visualization will help us to study an abstract mathematical system much easier.


B. METHODS
We start by making a case study of the coprime graph for generalized quaternion groups and their numerical invariants.  Then by analyzing the pattern we build the conjecture. By deductive proof, we proved if the conjecture is true for every case.  If the conjecture is wrong, then we build another conjecture with a different case study.  If the conjecture is true, then we stated it as a theorem.
Case Study
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C. RESULT AND DISCUSSION
In this research, the writer determines the clique number and chromatic number of the coprime graph of the generalized quaternion group . The generalized quaternion group   is one of the finite groups with the following definition.

Definition 1  The generalized quaternion group  is a   order group composed of two elements  or can be written where  is the identity element with (Ma, et al., 2013). This group can be represented in several types of graphs, one of which is a coprime graph.

A coprime graph is a graph that is defined as in Definition 2 below.

Definition 2  Suppose  is a finite group, the coprime graph of G is denoted by  are vertices with elements of  and two different vertices  and  are neighbors if and only if  (Ma et al., 2014). 

Some results regarding the coprime graph of the generalized quaternion group   are given in the following 4 theorems (Nurhabibah, 2021).

Theorem 1  Suppose  is a generalized quaternion group, if  then the coprime graph of  is completely bipartite.

Theorem 2  Suppose  is a generalized quaternion group, if  with  odd primes, then the coprime graph of is tripartite.

Theorem 3  Suppose   is a generalized quaternion group, if  then the coprime graph of  is 

Theorem 4  Suppose  is a generalized quaternion group, if   with , then the coprime graph of    is  The first discussion in this study is the clique number of the coprime graph of the generalized quaternion group 

1. Clique Number
The clique number is one of the properties of a graph which is defined based on the complete subgraphs in the graph. A formal definition of the clique number is given in Definition 1.1 below.

Definition 1.1  The clique number  of graph  is the maximum order among complete subgraphs in (Chartrand & Lesniak, 1986).

The definition of a complete graph is contained in Definition 1.2 as follows

Definition 1.2  A complete graph is a simple graph in which every vertex has edges to all other vertices(Munir, 2010). A complete graph with n vertices is denoted by .

The following is an example of the clique number of the coprime graph of the generalized quaternion group .

Example 1.1
[image: ]
Figure 1.  Examples Images a Coprime Graph for 

The graph in figure 1 has several complete subgraphs and the maximum order of these complete subgraphs is 3, so based on Definition 1.1, 

With an analysis similar to Example 1.1, the author derives several theorems about the clique numbers of the coprime graph of the group generalized quaternion.

Theorem 1.1  Let  be a coprime graph of  . If  with  then 

Proof:  Let  be a coprime graph. Take  with k ∈ ℕ. We will show  This means that it will be shown that there is   which is a complete subgraph  and there is no complete subgraph   with 2. The author obtains a complete subgraph  from  which is a graph with  with . Suppose that there is a  complete subgraph of  with . This means that  must be a  graph with . This contradicts Theorem 1 which states that  is a complete bipartite graph. So  is a complete subgraph of  of maximal order. It is proved that 

Theorem 3.1.2 below is the clique number of the coprime graph of the group generalized quaternion  with  where  is an odd prime number.

Theorem 1.2  Let  be a coprime graph of .  If  with p odd primes then 

Proof:  Let  be a coprime graph. Take  with p odd primes. It will show  This means that it will be shown that there is  which is a complete subgraph and there is no complete subgraph  with  The author obtains a complete subgraph from  which is a graph with   with  where  is the set of all vertices in  of order  and  where  is the set of all vertices in with even order. Suppose that there is a  complete subgraph of  with . This means that  must be a  graph with . This contradicts Theorem 2 which states  is a tripartite graph. So   is a complete subgraph of  with maximum order, it is proved that 

Theorem 1.3  Let  be a coprime graph of  If  , then .

Proof:  Let  be a coprime graph. Take  . It will show . This means that it will be shown that there exists  which is a complete subgraph of  and there is no complete subgraph  with . The writer obtains a complete subgraph  from  is a graph with  with   for . Suppose that there are  complete subgraphs of  with . This means that  must be a  graph with . This contradicts Theorem 3 which states that  is a  graph. So  is a complete subgraph of   with maximal order, it is proved that 

Theorem 1.4 below is the clique number of the coprime graph of the group generalized quaternion  with  with 

Theorem 3.1.4  Let  be a coprime graph of   If  with , then 

Proof:  Let  be a coprime graph. Take  with . Will show . This means that it will be shown that there exists  which is a complete subgraph of and there is no complete subgraph  with . The writer obtains a complete subgraph  from  is a graph with  with  where R is the set of all vertices in  with even order and .  Suppose that there are  complete subgraphs of  with  This means that  must be a  graph with . This contradicts Theorem 4 which states   graph. So  is a complete subgraph of  with maximal order, it is shown that 

The second discussion in this study is the chromatic number of the coprime graph of the generalized quaternion group 

2. Chromatic Number
Besides the clique number, the chromatic number is also one of the properties of a graph which is defined based on the coloring of the graph vertices. A formal definition of a chromatic number is given in Definition 2.1 below.

Definition 2.1 The chromatic number of a graph  is the minimum number of colors needed to color all the vertices of  such that every two neighboring vertices get a different color (Syarifudin, et al., 2021). The chromatic number of a graph , denoted by ).

The following is an example of the chromatic number of the coprime graph of the generalized quaternion group 

Example 2.1:  For example, for , the coprime graph of the generalized quaternion group  is as shown in Figure 3.2.1 below.
[image: ]
Figure 2.  Examples of Images of Coloring Copprime Graph for 
Based on the image, the minimum color needed to color the graph in figure 2 is , so 

With more or less the same steps, the authors derive several theorems about the chromatic number of the coprime graph of the generalized quaternion group 
Theorem 2.1 Let  be a coprime graph of  . If  with  then 

Proof: Let  be a coprime graph. Take  with . It will be shown that This means that it will be shown that the minimum number of colors needed to color the vertices of   so that every two neighboring vertices with different colors is . According to Theorem 1,  is a complete bipartite graph, namely a star graph. The partition consists of  subsets, namely  . Notice that node e is next to every node in . So that every vertex in  cannot have the same color as . Also, note that none of the vertices in  are adjacent to each other so that the color of each vertex in  is the same. So, the minimum number of colors required is  . It is proved that 

Theorem 2.2 Let  be a coprime graph of . If  with p odd prime numbers. Then 

Proof: Let  be a coprime graph. Take  with p odd primes. It will show  This means that it will be shown that the minimum number of colors needed to color the vertices of   so that every two neighboring vertices with different colors is  According to Theorem 2,  is a tripartite graph. The partition consists of  subsets, namely  with  where  is the set of all vertices in  with order  and  where  is the set of all vertices in  with even order. Note that every vertex in  and will be next door to  so every vertex in  and  cannot be the same color as . Also, note that there are nodes in  that are neighbors to  so the nodes in  and  must have different colors. So, the minimum color needed to color the graph is 

Theorem 2.3 below is the chromatic number of the coprime graph of the group generalized quaternion with .

Theorem 2.3 Let  be a coprime graph of  If  then 

Proof: Let  be a coprime graph. Take . We will show that  According to Theorem 3.3,  is an  graph. That is,  can be partitioned into  node sets. Suppose the partitions are  with  and  and for  Notice that node  is next to every other node. Note also that in every set  for  there is always  with  As a result, it can be ascertained that for every  so that . Thus, deg This shows that the coloring of the vertices of this graph requires at least colors. It is proved that 

Theorem 2.4 below is the chromatic number of the coprime graph of the generalized quaternion group  with  with 

Theorem 2.4  Let  be a coprime graph of  If  with , then  

Proof:  Theorem 2.4 can be proved by the same analysis as the proof of Theorem 2.3.

From Theorem 2.1 until Theorem 2.4 we get a new insight into the generalized quaternion groups with the coprime graph representation.  We can see that the connectivity of the group is connected, with every element of the group can be connected through a sequence of edges.  And visually, we can see the diameter and radius of the group.

D. CONCLUSION AND SUGGESTIONS
Based on the research that has been done, the clique number and chromatic number are obtained from the coprime graph of the generalized quaternion for a certain . If  and if  with  is odd prime numbers, the clique number, and chromatic number respectively  and . If   and if  with , the clique number and chromatic number respectively  and . This result has been proven in Theorem 3.1.1 until 3.1.4 and Theorem 3.2.1 until 3.2.4.  The benefit of this research is as a reference for further research. There are several characteristics in the representation of the generalized quaternion group have not been found. The writer suggests for further research is the representation of generalized quaternion groups on the graph, such as intersection graphs and power graphs along with their characteristics.
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