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ABSTRACT

Article History: This study investigates the super (a, d)-P,®B,-antimagic tatal labeling of the
Received :D-M-20XX corona product P,©F,,, wheren and mare both greater than or equal to 3. We
Reviced - D-M-20%X define the labeling functions for vertices and edges based on the partitioning of
Accepted :D-M-20XX labels into three subsets. Using k-balanced and (k,&8)-anti balanced multisets, we
Online  :D-M-20XX demonstrate that for m being odd, B,QB, is super (9m?n + 4mn + m — n + 3,1)-

P, @ P, -antimagic, and for m being even, PGP, is super (9m?n + 4mn + m —
Keyword: in+5,3)-P, ©F, -antimagic. The labeling schemes are illustrated through
i ) ntivncigis ot examples, providing insights into the antimagic properties of corona products.
labeling;
Corona product;
H-covering;
Path;
Super (a,d)- H-
antimagic total labeling.
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A. INTRODUCTION

The field of graph theory is a branch of mathematics that centers on the examination of
abstract structures referred to as graphs. These graphs have been widely applied across
multiple domains, including computer science, social science, and transportation (Baca et al,
2019; Chang et al,, 2019; Liu et al,, 2020). Their origins can be traced back to Leonard Euler's
work in 1736. Within graph theory, a particularly fascinating subject of study revolves around
graph labeling, which involves creating mappings from sets of vertices, edges, or both to a set
of natural number (Diestel, 2017; Indunil & Perera. A A1, 2022; Nurvazly et al., 2022). At
present, the investigation of magical and antimagical labelings continues to be a significant
and actively researched area (Gallian, 2022).

The notion of magic labeling was first introduced by Sedlacek in 1963 (J. Sedlacek, 1963).

This concept was subsequently expanded upon by Kotzig and Rosa in 1970 (Kotzig & Rosa,
1970) and Enomoto et al. in 1998, who introduced edge-magic total labeling and super edge-
magic total labeling (Enomoto et al.,, 1998). Additionally, Gutiérrez and Llado in 2005 further
extended these ideas to the terms of H-(super) magic total labeling. (Gutiérrez & Lladé, 2005).
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This paper focuses on a finite and simple graph G where vertex set and edge set are
denoted by V() and E(G), respectively. A set of distinct subgraphs H,,H,, ..., H, of G is
defined as an edge-covering of G if every edge of G is included in at least one of the H;. When
each subgraph is isomorphic to a s@kcific graph H, the graph G is said to have an H-covering.
Now let G has an H-covering. If there exists a bijective function f:V(G)UE(C) —
{1,2,..,IV(G)| + |E(G)|}and a positive integer ky such that for all subgraphs H' that are
isomorphicto H, the H-weight w(H') = YEyeyur) f(v) + Zeesur) f (€) = kg, then G is called an
H-magic. The function f is known as an H-magic total labeling of G. Furthermore, the labeling
fis known as an H-supermagic total labeling of G. if the vertices of G are labeled with
1,2,...,|V(G)|. In this case, graph  is H-supermagic (Gutiérrez & Llado, 2005). When H is an
edge, we say that G is (super] edge-magic (Enomoto et al,, 1998; Kotzig & Rosa, 1970). In their
paper, Gutiérrez and Llado presented star-supermagic and path-supermagic total labelings for
certain connected graphs. They also offered constructions for infinite families of H-magic
graphs for any given graph H. Furthermore, (Llado A & Moragas J, 2007) and (Ngurah et al,
2010) investigated cycle-supermagic total labellings for certain connected graphs. The
readers are referred (Anjaneyuluetal.,2015; Hendy, Sugeng, & Salman, 2018; Hendy, Sugeng,
Salman, et al., 2018; Sandariria et al., 2017; Simanihuruk et al., 2021; Lakshmi S & Sagayakavitha
D, 2018; Ulfatimah et al., 2017; Agustin, Susanto, et al., 2019; Murugan & Chandra Kumar, 2019)
for other results about H-(super) magic total labelling.

On the other hand, the concept of (a, d)-edge-antimagic total labeling was initially
introduced by (Simanjuntak et al., 2000). This concept was later extended into the concept of
(super) (a, d)-H-antimagic total labeling by (Inayah et al, 2009). Leta,d, and t be three
positive integers, where t denotes the number of subgraphs of G that isomorfic to H.
Suppose G has an H-covering. Graph G is called an (a, d)-H-antimagic if there exists a bijective
function f: V(G) U E(G) — {1,2, ..., |V(G)| + |E(G)|} so that for all subgraphs H’ that are
isomorphic to H, the H-weight w(H') =X, ey f(V) + Xeepwr) f(e)frms an arithmetic
sequence a,a +d,a + 2d, .. ,a + (t — 1)d. In this case, the labeling [ is called an (a,d)-H-
antimagic total lab@jng of . If the vertices of ¢ are labeled with 1,2, ..., [V (G)], then f is called
the super (a,d)-H-antimagic total labeling of G and G is called the super (a, d)-H-antimagic.
The readers are referred to (Martin Baca et al., 2006; Agustin et al., 2019; Hussain etal., 2012 ;
Inayah et al., 2013; Palanivelu & Neela, 2019; Permata Sari et al., 2019; Prihandini & Adawiyah,
2023; Raheem et al.. 2014; Taimur et al., 2018) for other results about super (a, d)-H-antimagic.

In this paper, we study the super (q, d)-H-anti ic total labeling of corona product of
two paths. Recall that corona product of two graphs G and G, denoted by GOG’, is a graph
obtained by taking one copy of G and |V (G)| copies G’ and then connecting the i-th vertex of G
to every vertex in the i-th copy G’ (Hasni etal,, 2022; Permata Sari et al., 2019; Sandariria et
al, 2017). We show that the corona product B,©F,,, m,n = 3, is super (a, d)-P,®P, -antimagic

s n
whered = 1 ifmisoddand d = 3 ifm is even

B. METHODS

The method used in this research is deductive method. This method starts from a review
literature about magic and antimagic labelings, in particular (super) (a, d)-H-antimagic total
labeling, then continues by constructing the labeling on corona product of two paths. This
construction produces several conjectures whose validity will be proven, where the proof
process will utilize several techniques in k-balanced multisets and (k,&)-anti balanced
multisets. The given conjecture will be stated as a corollary, lemma, or theorem, if it is proven
to be true. Otherwise, the research will be repeated by reconsidering the conjecture, the
construction of the labeling, or the proof method used (Prihandini & Adawiyah, 2022).
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C. RESULT AND DISCUSSION

Let P, and P,, be two paths of ordern = 3 and m = 3, respectively. In this paper, we
consider corona product P,,®F,,. Let

V(B O Pyn) ={wli=12,..,n}u{v/Ju{y/|i=12..,nj=12.,m}
and
E(B, OPn) = wwip|i=12,..,n- 1 u{vw/|i=12, .,nj=12..,m-1}u
[vaf‘+l|i =12 ..,nj=12,..,m— 1}.

Hence, we have |[V(P,®@F,)l= mn+n and |E(F,®P, )| = 2mn — 1. Figure 1 below
illustrates the general form of corona product B,0F,,.

Figure 1. Corona product B, © B,

In this section, we define }; X =) .cxx and {a} W {a, b} = {a,a, b}. This section is divided
into three subsections. In Subsection 3.1 and 3.2., we provide the definition of k-balanced
multisets and k-anti balanced multisets, respectively, and also some useful lemmas that will
be used to prove our main results about the super (a, d)-P,®F,,-antimagic total labeling of
P,©F,, in Subsection 3.

1. k-balanced multisets

A multiset is a set that allows the same elements to appear more than once within the set.
One technique used to partition a multiset was initially introduced by (Maryati et al,, 2013).
Letk € Nand ¥ be a multiset containing positive integers. We said the multiset Y as k-

balanced if there exists k subsets of Y, namely ¥,,Y,,..., Y, so that for @chi= 1,2, ..,k the
subset satisfies |Y;] = lkﬂ Yy =% €N, and W¥_, ¥; = Y. Such subsetV; for eachi = 1,2,..., k

is called a balanced subset of Y. The following lemma is one of the k-balanced multisets.

Lemma 1. (Maryati et al., 2013) Letx,y, k€ Zso thatl1 <x <yandk > 1.IfX = [x, y] and
|X| is a multiple of 2k, then X is k-balanced.

Proof. Foreachi = 1,2,...,k, define X; = {a}il <j= lXTl} where

¢ {x—1+(j—1)k +i ,for odd j;
T a+jk—i ,for even j.




4 | JTAM (Jurnal Teori dan Aplikasi Matemaltika) | Vol. X, No. X, Month 20XX, pp. XX-YY

It is not hard to check that for eachi = 1,2, ..., k, we have |X;]| =%,L~Jf‘=l X; =X and } X, =

Likl(x + ¥). Therefore, X is k-balanced. m
The following two corollaries are an immediate consequence of Lemma 1, which will be used
to prove our main results.

Corollary 1. Letm,n € Zwithmn=3. Letx = n+1,y = Zmn+n, andk = mn. If B =
[n+ 1,2mn + n] and | B| is a multiple of 2mn, then B is mn-balanced.
Proof. Note that |B] = 2mn. Foreachi = 1,2, ...,mn, define B; = [bfll <j< i:—r?} where
b;={n+i , forj=1;
7 n+2mn+1—i, forj=2
it is not hard to check that for each i = 1,2, ..., mn, we have |B;| = 2, W2} B; = B, and ¥.B; =
2mn + 2n + 1. Therefore, B is mn-balanced. m

Corollary 2. Letm,n € Zwithmn = 3andmis odd. Letx =2mn+2n,y=3mn+n-—1,
andk =n. If C = [2mn+ 2n,3mn+n — 1] and |C| is a multiple of 2n, then C is n-balanced.
Proof. Note that |C| = (m — 1)n.For eachi = 1,2, ...,n, define C; = {C;|1 <j<m— 1} where
¢ _{Zmn +2n—-14+(G—-1n+i, foroddj;
/ 2mn+2n+jn—i , forevenj.
it is not hard to check that for eachi = 1,2, ...,n,we have |C;| =m — 1,W, (; = C,and }¥.C; =
smZn—2mn-m—3n+1
2

. Therefore, C is n-balanced. m

2. (k, §)-anti balanced multisets

Another technique of partitioning a multiset was introduced by Maryati et al. in (Maryati
B} al, 2013). Let Let k € N and Y be a multiset containing positive integers. The multiset V is
said to be (k, §)-anti balanced if there are k subsets of ¥, namely ¥, Y5, ..., Y}, so that for each
i=12,.. kY= %, W,V =Y, andforeachi=12,..,k—1,Y Y, — XY = 6.

We now provide two lemmas about (k, §)-anti balanced multisets which will be used to
prove our main results.

Lemma 2. get m,n € Z withm,n = 3. ThenK = [1,%[2, n—1]4d[2mn+n + 1,2mn + 2n—
1] is (n — 1,1)-anti balanced.
Proof. Note that |K| = 3(n —1). Foreach i = 1,2,...,n — 1, define K; = {a;, b;, c;} where

a; =i

by=i+1;

¢ =2mn +2n — .
It is not hard to check for eachi=12,...n— 1 |K/| =3, WI' K, =K, YK, =2mn+2n+
1+i, and for eachi=12,..,n—2, Y K;.,— X K;=1. Therefore, K is (n—1,1)-anti
balanced. m

Lemma 3. Letm,n € Zwithm,n = 3 and m isazen. Then

L=[2mn+ 2n, 3mn + 1@— 1]l¢J{2mn +2n+2n(j—1) + i‘i =12, .,n—=2,j=1,2, ,%}
u{Zmn+4n+2n(;'—1)—:;— 1|:;= L2, wn=2,j=12,.,7- 1}

is (n — 1,2)-anti balanced.
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Proof. Note that|L| = 2(m — 1)(n — 1). For eachi = 1,2,..,n— 1, we first define L, = {a},
b}, ¢}, d}} where

aj=2mn+2n+i—1+n(—1) foroddj=12,..,m—1;
bj=2mn+in+i+n(-1)  foroddj=12,..,m-1;

_
cj-‘=2mn+2n+nj—i Jforevenj=12,..,m—1;
d}=2mﬂ+2n+nj—i—1 Jforevenj=12,..,m—1

It is not hard to check foreachi=1.2,..,n—1,|L;| =2(m—1), WL, =L, ¥ L, = 5m’n—
2mn—m—4n+2i+1,and foreachi =1,2,...,n —2,XY Liy; — X, L; = 2. Therefore, L is (n—
1,2)-anti balanced. m

3. Super (a,d)-P; ® P,, -antimagic total labeling of P, ® P,,,

We now ready to provide our main results. n this subsection, we show that B,©F,, for
m,n > 3 is super (a, d)-P, ®P,,-antimagic where d = 1ifmis oddandd = 3 if m is even.
Theorem 1. Let m,n € Z with m,n = 3 and m is odd. Then the corona product P, © B, is
super (9m?n + 4mn + m — n + 3,1)-P, ® P, -antimagic.

Proof. Let A = [1,3mn +n — 1] denotes @set of labels for all vertices and edges of P, @ By, .

Partition A into three subsets, 1 = AUBLC, where A = [1,n]U[2mn +n + 1,2mn + 2n—

1,B=[n+12mn+n|] and C = [Zmn + 2n,3mn+n—1]. We first define a function

fV(B,®OB,)UE(B,®PF,) = [1,3mn+n — 1] as follows.

(i) Define K = AW[2,n — 1]. According to Lemma 2, setK is (n— 1,1)-anti balanced where
for eachi=1,2,...,n—1,K; = {a;, b;,c;}and Y K; =2mn + 2n + 1 + i. We label vertices

v; and edges v;v;;; by using the elements of K as follows.

f(v) = [min Ki,fori=12,...n—1;

n JJori=mn;
f(v;vip,) =maxk; ,fori=1,2,.,n-1

(ii) According to Corollary 1, setB is mn-balanced where for eachi=1,2,..,mn, B; =
{bj‘|1 =j= 2} and ¥'B; = 2mn + 2n + 1. We label vertices v;/ and edges vtvf by using the
elements of B as follows.

f(vif) = min Bj+m(i—1) Jori=1,2,..,nj=12,..,m;

f(vv!) = maxBym_y) ,fori=12,..,n,j=1.2,..,m.

(iii) According to Corollary 2, set C is n-balanced where for eachi=1,2,..,n, C;=
. g 2 gq " P
{C;|1£J£m_1}and Eci:.:;m n—-2mn-m-3n+1

2
elements of € as follows.

. We label edges v:._jv;._”l by using the

f(vijviﬁl) = cj-t ) fori=12..,nj=12..,m—1

It is easy to see that the function f defined in (i)-(iii) is a bijective function from
V(B,OB,)UE(B, ®©PF,) to {1,2,...,.3mn +n— 1} where f(V(B, ©FB,)) ={L,2,....mn +n}.
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Now, observe that £, ©F, containsn — 1 subgraphs that isomorphic to P, ©F,,. Then for
eachi= 1,2,..,n— 1, the P, ® P, -weight of the i-th subgraph P, ®P,, is
o (P; OBy);
= YK; + 2mYB; + 2¥(;

Sm’n—2mn-m—3n+1
=(2mn+2n+1+i)+2m2mn+2n+1)+2 >

=9min+4dmn+m-—n+2+i

Since w(P, OF,@ =9Im’n+4mn+m—n+3and w(P, OPy)+1 — w(P, OB,); = 1for for
eachi=1,2,..,n— 2, we obtain that fis a super (9m?n+ 4mn+m—n+ 3,1)-P,QF,-
antimagic total labeling of B,®P,. Thus, B, ® Py is super (9m’n +4mn+m—n+ 3,1)-
P, ® P, -antimagic. m

Figure 2 below illustrates a super (282, 1)- P, @ P, -antimagic total labeling of P; ® P;.

P Ry

18 17 16
ofoRo
Figure 2. A super (282, 1)- P, ® P3 -antimagic total labeling of P3 © Pj3.

Theorem 2. Letm,n € Zwithm,n = 3 and mis even. Then the corona product B, ©® B, is

super (9m?n + 4mn + m — 2n + 5,3)-P, © P,, -antimagic.

Proof. Let A = [1,3mn + n — 1] denotes a set of labels forffll vertices and edges of B, ©® B, . In

this proof, we also partition A into three subsets, A = AWYBWC, where A = [1,n]WJ[2mn +n +

1.2mn+2n—=1],B=[n+12mn+njand € = [2mn + 2n,3mn + n— 1]. We first define a

function f:V(P, @ B, ) VE(B, ©F,) — [1,3mn+ n — 1] as follows.

(i) Define K = AL[2,n — 1]. According to Lemma 2, set K is (n — 1,1)-anti balanced where
for eachi =1,2,...,n — 1,K; = {a;,b;,¢c;} and 2, K; =2mn + 2n + 1 + i. We label vertices
v; and edges v;v,,, by using the elements of K as follows.

minK; ,fori=1,2,..,n—1;
Jori=mn;

fw)={"
f(viviy1) =maxK; ,fori=1,2,.,n—1

(ii) According to Corollary 1, setD is mn-balanced where for eachi= 1,2,..,mn, B; =
{b‘f-]l =J= 2} and ¥'B; = 2mn + 2n + 1. We label vertices v,/ and edges v, v{.j by using the
elements of B as follows.
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f(v, f) =minBjmq-qy ,fori=12,. nj=12,.,m
f(vv]) = maxBj, gy ,fort=142, . mj=12,..,m
(iii) Define
L=[2mn+ 2n,3mn+n-— 1] L.;_.J

{2mn+2n+2.ng—1)+£[f=1,2, -2, ..., EJ
5

{zmn+am+mG=D=i-1|i=12, ..,n-2j=12..7-1}.
(iv) According to Lemma 3, set L is n is (n — 1,2)-anti balanced where foreachi = 1,2, ..,n—
1,L; = {a}, b, ¢/, d}and ¥ L; = 5m?*n — 2mn — m — 4n + 2i + 1. We label edgesuf e
by using the elements of L as follows.

f(vjvj+1) B {Zmn +2n+i—1+n(G—1), foroddj =1,2,..,m — 1;
ST 2mn+ 2n+nj —i , forevenj=12,...m— 1

It is easy to see that the function f defined in (i)-(iii) is a bijective function from
V(B,OP,YUE(P,®P,) to {1,2,...3mn +n— 1} where f(V(P,®P,)) ={1,2, .., mn +n}.
Now, observe that £, ® B, containsnn — 1 subgraphs that isomorphic to P, © P, . Then for
eachi= 12, ..,n—1,the P, ® P, -weight of the i-th subgraph P, ®P,, is

w(Py; OFy);
= YK; +2mYB; + }¥.L;
=2Zmn+2n+1+D+2mCmn+2n+1)+ 5m®n—2mn-m—4n+2i +1
=9m’n+4mn+m—2n+3i +2

Since w(P, G)Pal =9m’n+4mn+m—2n+5 and w(P, OPF)i+1 — w(P, @PF,); =3 for
eachi =1,2,..,n—2, we obtain thatfis a super (9m?n + 4mn +m — 2n + 5,3)-P,OP,,-
antimagic total labeling of P,@P,. Thus, B, © B, is super (9m?*n+ 4mn+m — 2n+5,3)-
P, @ B, -antimagic. m

Figure 3 below illustrates a super (483, 3)- P, (@ P, -antimagic total labeling of P; © P,.

XGEP XLPE
5O

Figure 3. A super (483, 3)- P, ©® P, -antimagic total labeling of P; @ P,.
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D. CONCLUSIONAND SUGGESTIONS

We have shown that the corona product B,OP, form,n > 3 is super (9m*n + 4mn +
m—n+3,1)-P,®P, -antimagic ifmis odd and super (9m?n+4mn+m-—2n+5,3)-
P, ® P, -antimagic if m is even. The values ofd obtained in paper are limited, hence it is
interesting for the readers to studying the super (a,d)-P,©F,,-antimagic total labeling of
P,@P,, for the remaining possible values ofd. Further, the readers can also consider to
studying the super (a, d)-P.®@F,,-antimagic total labeling of B, ©F,, for other possible values of
r.
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